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HEAT  OF  EVAPORATION   OF  WATER. 

By  Arthur  Wiiitmore  Smith. 

I  ^HE  "heat  of  evaporation"  of  water  means  the  heat  per  gram  re- 
^  quired  to  change  water  into  saturated  vapor  at  the  same  tempera- 
ture. Various  determinations  of  this  value  have  been  made  during  the 
past  century,^  the  most  extensive  investigation  being  the  work  of  Reg- 
nault-  over  sixty  years  ago.  In  the  older  methods  steam  from  a  boiler 
was  passed  directly  into  a  calorimeter,  where  it  was  condensed.  The 
heat  of  condensation  was  measured  by  the  increase  in  temperature  of 
the  cold  water  of  the  calorimeter,  while  the  amount  of  vapor  was  deter- 
mined by  weighing  the  condensed  water.  In  more  recent  experiments 
the  water  was  boiled  in  the  calorimeter,  a  known  amount  of  heat  being 
supplied  by  an  electric  current.  The  amount  of  water  thus  removed 
from  the  calorimeter  was  determined  either  by  the  loss  in  weight  of  the 
containing  vessel,^  or  by  condensing  the  steam  and  weighing  the  water 
thus  collected.^ 

It  is  now  well  known  among  mechanical  engineers  that  the  vapor 
rising  from  boiling  water  carries  with  it  a  certain  amount  of  water  in  a 
finely  divided  state,  but  nevertheless  still  liquid.  The  amount  of  water 
thus  carried  in  the  steam  is  often  over  one  per  cent.,  and  it  may  be  several 
per  cent,  of  the  whole.  This  leads  one  to  inquire  what  quality  of  steam 
was  used  in  previous  experiments  to  determine  the  heat  of  evaporation. 
If  the  steam  used  contained  i  per  cent,  of  m.oisture  it  is  evident  that  the 
familiar  number  537  is  i  per  cent,  too  low. 

Regnault  appears  to  have  known  something  of  the  difficulty  of  obtain- 
ing dry  steam,  and  in  his  classical  experiments  collected  the  steam  by 
means  of  a  long  tube  coiled  in  the  upper  part  of  his  boiler.  It  is  now 
known  that  this  precaution  is  not  sufficient.  The  later  determinations 
by  Joly°  with  a  "steam  calorim.eter,"  and  by  Henning  vigorously  boiling 
water  in  a  small  calorimeter^  with  no  separator,  certainly  were  made 
with  steam  containing  an  uncertain  amount  of  moisture. 

1  See  Preston,  Theory  of  Heat.  p.  378  ff. 

2  Regnault.  Institute  d?  France,  Mem.  Acad.  Sci.,  Vol.  21,  pp.  1-74S.  1847- 
'Griffiths.  PhU.  Trans.,  Vol.  186  A,  pp.  261-342,  1895. 

*A.  W.  Smith,  Phys.  Rev.,  Vol.  25.  pp.  147-170,  1907.  Henning,  Ann.  der  Phyn.,  Vol. 
21,  pp.  849-878,  1906;  Vol.  29,  pp.  441-465,  1909. 

6Jo!y,  Phil.  Trans..  Vol.  186  A,  note  on  p.  322,  1895. 
•Henning,  loc.  cit.,  Fig.  i,  p.  446. 
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It  is  the  object  of  this  research  to  determine  the  heat  of  evaporation 
of  water  at  the  boiling  point  more  exactly  than  has  yet  been  done,  and 
especially  to  eliminate  this  serious  error  which  apparently  has  gone  un- 
noticed. The  practical  need  of  knowing  the  exact  value  of  this  constant 
is  ev'ident,  since  it  is  the  basis  of  the  steam  tables  used  in  all  problems 
in  steam  engineering,  and  a  change  in  this  value  means  a  corresponding 
change  throughout  the  steam  tables. 

The  relative  values  of  the  heat  of  evaporation  at  different  temperatures 
have  been  well  established  by  the  recent  investigation  by  Davis^  on  the 
results  obtained  in  experiments  on  the  free  expansion  of  dry  steam. 
Unfortunately  the  absolute  value  at  any  point  on  his  curve  is  unknown, 
and  steam  tables-  based  on  this  curve  assume  for  the  value  at  ioo°  C. 
the  mean  of  the  results  obtained  by  Joly  and  by  Henning. 

If  a  reliable  determination  of  the  heat  of  evaporation  can  be  obtained 
at  any  one  temperature  it  will  have  the  effect,  through  this  curve,  of 
establishing  its  value  throughout  the  range  of  temperatures  used  in  steam 
engineering. 

As  far  as  I  am  aware,  no  attempt  has  ever  been  made  to  determine  the 
heat  of  evaporation  from  a  quiet  surface  of  water.  Evaporation  from 
such  a  smooth  surface  is  supposed  to  take  place  by  one  molecule  at  a 
time  leaving  the  liquid  and  going  into  the  vapor.  The  action  inside 
of  a  steam  boiler  is  very  different  from  this,  and  it  would  be  surprising 
not  to  find  some  fine  spray  thrown  into  the  steam.  It  is  from  this  point 
of  view  that  the  problem  has  now  been  attacked. 

Method. 

A  gentle  stream  of  dry  air  is  drawn  through  the  calorimeter,  passing 
over  the  unrufifled  surface  of  the  hot  water  and  carrying  away  some  of 
the  vapor.  Near  the  boiling  point  water  evaporates  very  readily,  and 
care  must  be  exercised  not  to  overcool  the  calorimeter  by  too  rapid 
evaporation.  Heat  is  supplied  by  an  electric  current,  and  the  air  current 
is  constantly  regulated  to  allow  the  evaporation  to  proceed  just  fast 
enough  to  keep  the  temperature  constant  at  98"  C.  After  passing  out 
of  the  calorimeter  most  of  the  vapor  is  condensed  in  a  cold  fiask,  while 
the  remainder  is  caught  by  drawing  the  air  through  sulphuric  acid. 
The  gain  in  weight  gives  the  amount  of  water  evaporated  in  the  calo- 
rimeter. 

The  heat  received  by  the  calorimeter  is  that  generated  in  the  heating 
coil  plus  a  small  amount  which  comes  from  the  surroundings  by  radiation 

» Davis.  Journ.  .A^m.  Soc.  Mech.  Eng.,  No.  1212,  Vol.  — ,  pp.  1419-1452. 
»  Marks  and  Davis,  Steam  Tables.  Longmans,  1909. 
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and  conduction.  The  latter  cannot  be  measured  directly,  but  it  can 
be  eliminated  in  the  computations  by  the  following  method.  Each  result 
is  computed  from  two  experiments,  in  one  of  which  a  large  amount,  and 
in  the  other  a  much  smaller  amount  of  water  is  evaporated.  The  tem- 
peratures and  other  conditions  are  the  same  in  each  and  so  also  is  the 
amount  of  heat  received  from  the  outside.  Therefore  the  difference 
between  the  two  total  amounts  of  heat  eliminates  these  corrections  and 
is  the  same  as  the  difference  between  the  two  amounts  of  heat  delivered 
by  the  current  alone.  This  difference,  divided  by  the  difference  between 
the  corresponding  amounts  of  water,  gi\cs  the  heat  per  gram  necessary 
to  evaporate  water  at  this  temperature. 

Thus  let  M'  denote  the  number  of  grams  of  steam  protluced  in  a  given 
experiment,  //'  the  corresponding  amount  of  heat  supplied  by  the  cur- 
rent, and  h  the  small  amount  of  heat  gained  by  radiation,  conduction, 
etc.     Then 

ir  -{-  h  =  LM',  (i) 

where  L  is  the  heat  of  evaporation.  On  another  day  the  experiments 
are  repeated  under  the  same  conditions  as  before,  but  using  a  larger 
amount  of  heat.     Then 

H"  -\-h  =  LM",  (2) 

and  combining  these  two  equations  by  subtraction  gives 

^  ~  M"  -  M''  ^^^ 

All  corrections  for  heat  gained  by  radiation  or  conduction,  whether 
known  or  unknown,  are  eliminated  by  this  method  of  differences.  There 
were  no  starting  or  stopping  corrections,  as  each  experiment,  so  called, 
was  a  one  hour  section  from  the  middle  of  an  all  day  run.  The  calo- 
rimeter, C,  and  all  of  its  surroundings,  shown  in  Fig.  i,  were  kept  hot, 
day  and  night,  by  the  steam-bath.  Early  in  the  morning  the  calorimeter 
was  filled  with  hot  distilled  water  and  maintained  at  98°  C.  all  of  the 
forenoon.  After  noon  the  heating  current  was  started  and  the  air  regu- 
lated to  hold  the  temperature  constant  at  the  same  point.  Only  after  a 
preliminan,'  run  of  an  hour  or  so,  and  when  ever\'thing  was  running 
smoothly  and  constant,  was  the  steam  directed  into  one  of  the  weighed 
flasks,  and  an  e.xperiment  begun.  A  second  and  third  experiment  might 
follow,  but  not  more  than  three  runs  were  made  during  one  day. 

Variations. — All  of  the  experiments  were  made  at  98'  C,  as  it  was 
necessary  to  keep  below  the  boiling  point.     Since  the  latter  varied  from 
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day  to  day  over  a  range  of  nearly  one  degree,  the  corrections  due  to  heat 

received  by  radiation,  etc.,  varied 
by  100  per  cent.  Sometimes  a  series 
of  experiments  in  each  of  which  a 
large  amount  of  water  was  evaporated, 
were  made  on  one  day;  and  a  simi- 
lar series  of  check  experiments  in 
each  of  which  a  small  amount  of 
water  was  evaporated  were  made  on 
another  day  when  all  other  conditions 
were  as  nearly  the  same  as  possible. 
At  other  times  such  check  experiments 
were  made  at  the  beginning  of  the 
afternoon,  and  immediately  followed 
by  the  experiments  with  larger 
heats.  Again,  the  check  experiments 
followed  the  regular  experiments. 
Thus  in  all  respects  were   the  check 

experiments  performed  under  the  same  conditions  as  the  others,  except 

in  the  amounts  of  water  evaporated. 


Fig.  1. 

Calorimeter  and  steam  jacket. 


The  Calorimeter. 

The  calorimeter  consists  of  a  thermos  bottle,  or  vacuum  walled  jar, 
fitted  with  a  copper  lining  which  serves  the  double  purpose  of  equalizing 
the  temperature  between  the  top  and  bottom  and  enabling  the  connecting 
tubes  to  be  soldered  in  air  tight.  The  internal  arrangement  is  shown  in 
Fig.  2. 

The  heating  coil  is  made  of  about  one  ohm  of  manganin  wire  wound 
on  a  brass  tube,  and  well  insulated  with  silk  and  shellac,  the  whole  being 
enclosed  within  a  larger  tube  so  that  no  water  could  come  in  direct 
contact  with  any  part  of  the  coil.  The  leads,  LL' ,  were  of  heavy  copper 
wire  to  reduce  the  amount  of  heat  produced  in  them  by  the  current,  and 
which  might  then  be  conducted  into  the  calorimeter.  Potential  leads, 
pp' ,  were  soldered  to  the  main  leads  close  to  the  top  of  the  calorimeter. 

The  glass  tube,  F,  for  filling  and  emptying  the  calorimeter,  and  the 
thermometer,  T,  were  passed  through  snug  fitting  brass  tubes  which 
extended  well  into  the  water,  thus  completely  sealing  the  joint.  The 
rotary  stirrer  drew  the  water  up  through  the  tube  on  which  the  heating 
coil  was  wound.  Friction  was  very  small  as  it  was  mounted  on  glass 
bearings,  and  conduction  of  heat  along  the  stirrer  rod,  S,  was  reduced 
to  a  minimum  by  making  it  of  wood.     The  brass  tubes,  /  and  0,  for 
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conveying  the  air  current  in  and  out  were  long  and  very  tiiin-walled  in 
order  that  the  heat  conduction  might  be  as  small  as  possible. 

The  incoming  air  was  directed 
downward  upon  the  surface  of  the 
water,  while  the  outgoing  stream 
of  air  and  vapor  passed  through  a 
coil  in  the  water  to  warm  it,  if  nec- 
essary', to  the  same  temperature. 
Whatever  small  diflference  of  tem- 
perature there  may  be  between  the 
incoming  and  outgoing  air  is  meas- 
ured by  thermal  junctions,  Th,  in- 
serted into  the  tubes  near  the  top  of 
the  calorimeter  and  corrections  made 
therefor. 

The  Thermometer. 


Fig.  2. 

Interior  of  the  calorimeter. 


The  temperature  of  the  water  in 
the  calorimeter  was  measured  by  the 
thermometer,  T,  wliich  was  graduated 
on  the  stem  to  hundredths  of  a  de- 
gree, and  could  be  read  to  thousandths.  It  was  kept  in  the  calorimeter 
all  of  the  time  and  thus  not  subjected  to  great  changes  of  temperature 
during  the  course  of  these  experiments. 

The  readings  of  this  thermometer  do  not  enter  into  any  computation, 
and  the  final  result  is  independent  of  all  temperature  measurement. 
The  thermometer  ser\'es  merely  as  an  indicator  to  enable  the  observer 
to  keep  the  calorimeter  at  a  constant  temperature.  The  only  use  made 
of  the  actual  reading  is  in  determining  the  temperature  at  which  the 
water  was  evaporated.  The  98  degree  mark  was  chosen  as  the  constant 
temperature  at  which  to  hold  the  calorimeter.  The  upper  fixed  point 
of  the  thermometer  was  carefully  determined  by  means  of  a  regular 
hypsometer,  the  test  being  made  in  the  same  room  and  with  the  same 
stem  correction  as  when  the  thermometer  was  used.  The  corrected  value 
for  the  98  degree  mark  was  thus  determined  to  be  98.07°  C. 


Electric  He.\ting. 

The  current  for  the  heating  coil  was  supplied  from  three  sets  of  storage 
cells  in  parallel,  and  after  the  first  two  hours  was  remarkably  steady, 
often  maintaining  five  amperes  without  a  change  in  the  potentiometer 
for  an  hour.     Both  the  current  and  the  fall  of  potential  over  the  heating 
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coil  were  measured  in  terms  of  a  Weston  normal  cell,  and  the  heat  com- 
puted from  the  formula, 

Heat  =  EITJ. 

The  electrical  connections  are  shown  in  diagram  by  Fig.  3.  The  heat- 
ing coil,  //,  is  in  series  with  a  standard  one-fourth  ohm  coil,  C,  the  storage 
battery,  a  variable  resistance,  v,  and  an  ammeter.     The  current  was 

set  at  about  the  desired  value 
and  allowed  to  flow  undis- 
turbed. In  parallel  with  H 
are  two  accurate  high  resist- 
ance boxes,  P  and  Q.  P  re- 
mains set  at  10,000  ohms, 
while  Q  is  varied  so  as  to 
maintain  the  fall  of  potential 
over  P  equal  to  the  E.M.F. 
of  the  standard  cell,  E,.  Then 
the  fall  of  potential  over  H, 
being  the  same  as  over  P  and 
Q  together,  is 


As  the  constant  use  of  the 
standard  cell  would  be  liable 
to  polarize  it,  this  comparison 
is  made  by  substitution,  the 
fall  of  potential  over  AB  in 
the  auxiliary  circuit  ABr, 
being  first  balanced  against 
th    standard  cell,  using  key 

K',  and  var>ang  r;  then  this  fall  of  potential  is  balanced  against  that 

over  P,  using  key  K  and  adjusting  Q. 

In  the  check  experiments,  where  the  heating  current  is  only  half  as 

large,  the  cell  is  balanced  against  both  A  and  B,  which  are  10,000  ohms 

each,  and  then  the  fall  of  potential  over  P  is  balanced  against  that  over 

A  alone,  as  shown  by  the  dotted  connection. 

The  current  is  determined  by  measuring  the  fall  of  potential  E',  over 

the  standard  resistance  in  the  same  way,  by  means  of  the  double  throw 

switch  T,  and  its  value  is  computed  by  the  relation, 


Fig.  3. 
Electrical  connections. 


/   = 


R  +  S 

cs   ^'- 
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The  total  current  is  larger  than  this  b\-  the  shunt  current  through  R 
and  S;  and  for  the  same  reason  the  current  through  the  heating  coil 
is  smaller  than  the  totiil  current  by  the  current  through  the  shunt  P 
and  Q.  These  shunt  currents  are  made  equal  by  keeping  P  and  5  each 
set  at  10,000  ohms,  and  thus  the  current  through // is  strictly  ecjual  to 
that  through  C.  The  resistances  enter  as  ratios  of  coils  in  the  same  box 
and  therefore  require  no  temperature  correction.  The  ratios  were  cali- 
brated by  comparison  with  standard  coils  from  the  Reichsanstalt.  The 
exact  values  of  E,  and  C  were  determined  by  the  Bureau  of  Standards. 

Measurement  of  Time. — Each  run  was  for  a  period  of  one  hour,  this 
interval  being  measured  by  a  standard  Riefler  clock.  The  connection 
between  clock  and  calorimeter  was  made  by  means  of  a  high  grade 
stop  watch  with  a  split  seconds  hand.  Just  on  the  hour  by  the  clock, 
the  time  was  recorded  on  the  watch  by  stopping  the  lower  half  of  the 
moving  seconds  hand.  One  minute  later,  with  the  watch  held  in  the  left 
hand  and  the  right  hand  on  the  distributing  valve,  V,  of  the  calorimeter, 
both  hands  were  turned,  one  stopping  the  upper  half  of  the  seconds  hand 
at  the  same  time  that  the  other  turned  the  valve.  Turning  this  valve 
ended  one  run  and  began  the  next.  The  exact  time  at  which  this  was 
done  could  then  be  read  from  the  watch  to  the  nearest  fifth  of  a  second, 
and  this  was  usually  an  even  minute  after  the  reading  of  the  clock. 

The  Mechanical  Equivalent  of  Heat. — The  energy  delivered  to  tlie 
calorimeter  by  the  current  is  EIT  joules.  When  it  comes  to  translating 
this  into  heat  units  (calories)  it  is  necessary  to  use  the  factor  known  as  the 
mechanical  equivalent  of  heat.  And  since  the  specific  heat  of  water  is 
not  constant,  but  has  a  different  value  at  each  temperature,  it  is  necessary 
to  define  precisely  what  is  meant  by  the  term  "calorie."  The  unit  used 
in  this  paper  is  the  "mean  calorie,"  that  is,  one  per  cent,  of  the  heat 
that  is  required  to  warm  one  gram  of  pure  water  from  0°  C.  to  loo''  C. 

The  best  direct  determination  of  the  mechanical  equivalent  of  heat 
is  doubtless  that  of  Reynolds  and  Moorby'  in  which  they  found 

I  mean  calorie  =  4.1836  X  10"  ergs.- 

Probably  the  best  determination  of  this  constant  by  the  electrical 
method  is  that  of  Callendar  and  Barnes^  who  found 

I  mean  calorie  =  4.1849  joules,* 

'  Re>Tiolds  and  Moorby.  Phil.  Trans.,  Vol.  190  A,  pp.  301-422.  1897. 
=  For  a  more  complete  discussion  of  this  subject  see  paper  by  A.  \V.  Smith,  United  States 
Weather  Review,  Vol.  35.  PP-  458-463- 

'  Callendar  and  Barnes,  Phil.  Trans.,  1902. 

*  Barnes,  Proc.  Roy.  Soc.  Lond..  Vol.  82.  p.  390,  1909. 
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provided  the  E.M.F.  of  their  Clark  cells  be  taken  as  1.4333  volts  at 
15°  C.  This  is  equivalent^  to  taking  the  E.M.F.  of  the  standard  Clark 
cell  as  1.4330  at  15°  C.  or  the  Weston  normal  cell  as  1.0187  volts  at 
20°  C. 

Since  January  i,  1911,  the  E.M.F.  of  the  Weston  normal  cell  is  taken 
as  1. 0183  volts  at  20°  C,  and  all  of  my  measurements  are  made  in  terms 
of  this  unit.  Therefore,  since  the  electrical  determination  of  /  includes 
Er,  and  any  reduction  in  the  number  expressing  the  latter  will  reduce 
the  former  twice  as  much,  the  value  for  the  mechanical  equivalent  of 
heat  which  should  be  used  in  connection  with  the  value  of  1.0183  for 
the  Weston  normal  cell  is 


/i.oi83\2  ^  ^ 

^•■««x(,^„,g^)    =4..8i6. 
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The  mean  between  these  two  values  is  4.1826,  and  this  is  the  value 
used  in  reducing  my  measurements  to  mean  calories. 

Collecting  the  Water. 

The  most  difficult  part  of  the  work  was  the  determination  of  the 
amount  of  water  evaporated.  While  the  value  of  the  electric  current 
can  be  accurately  measured  at  any  instant,  the  only  way  to  find  the 
corresponding  rate  of  steam  production  is  to  collect  the  steam  for  an 
hour  or  so  and  weigh  it.  During  this  period,  and  for  several  hours  pre- 
ceding it,  the  rate  of  evaporation  and  the  temperature  of  the  calorimeter 
must  be  maintained  constant,  and  this  means  continuous  observation 
of  the  thermometer  and  adjustment  of  the  air  current.  This  is  tedious, 
but  necessary. 

After  leaving  the  calorimeter  the  stream  of  air  and  vapor  passes  through 
a  two  way  valve,  V,  Fig.  i,  by  which  it  can  be  directed  into  either  one  of 
two  sets  of  collecting  tubes.  In  order  that  there  should  be  no  condensa- 
tion of  vapor  in  this  valve  or  the  connecting  tubes  they  were  enclosed  in 
a  box  with  an  electric  lamp  which  maintained  the  temperature  at  130°  C. 
The  steam  then  passed  into  a  half  liter  glass  flask  in  a  cold  water-bath, 
where  most  of  it  was  condensed.  The  remaining  vapor,  with  the  air, 
passed  through  three  tubes  containing  H2SO4  where  the  water  was  all 
caught.  (The  incoming  air  was  likewise  dried  by  passing  through  H2SO4.) 
The  acid,  of  density  1.84,  was  very  efficient  in  collecting  the  water, 
practically  none  of  it  getting  through  the  first  tube.  As  soon  as  the 
second  tube  began  to  catch  water  the  first  tube  was  refilled  with  fresh  acid. 

Weifihin^  the  Tubes.— The  tubes  and  bulbs  in  which  the  water  was 
caught  were  allowed  to  stand  some  time  to  assume  room  temperature. 
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They  were  then  carefully  wiped  with  a  clean  towel  and  weighed  on  a 
sensitive  balance.  All  weighings  were  made  with  the  aid  of  counterpoise 
consisting  of  a  glass  tube  or  bulb  as  nearly  as  possible  like  the  one  being 
weighed  and  likewise  containing  acid  or  water,  as  the  case  might  be.  All 
the  tubes  were  kept  closed  e.vcept  when  on  the  balance;  then  the  closing 
plug  was  a  glass  tube  nearly  sealed  off.  This  allowed  the  pressure  inside 
the  tube  to  become  the  same  as  that  outside,  which  is  ver>'  important. 
The  weighings  were  corrected  for  the  buoyancy  of  the  air,  and  to  the 
weight  of  water  thus  determined  was  added  the  weight  of  the  vapor 
filling  the  space  in  the  calorimeter  that  had  been  occupied  by  the  evap- 
orated water. 

Results. 

The  results  of  these  experiments  are  shown  in  Table  I.  Each  value 
is  computed  from  the  results  of  two  separate  experiments.  In  the  first 
column  is  shown  the  amount  of  water  evaporated  during  one  hour  by  a 


Table  I. 

Heat  of  Evaporation  of  Water  from  a  Smooth  Surface  at  98.07°  C. 


Water  Evaporated  (Grams). 

Heats 

upplied  (Calories). 

Calories 

Large. 

Small. 

9.8858 

Difference. 

Large. 

Small. 

Difference. 

Per  Gram. 

37.3531 

27.4673 

20,354 

5,340 

14,914 

542.98 

37.7645 

9.1421 

28.6224 

20,379 

4,888 

15,491 

541.23 

37.7314 

9.1132 

28.6182 

20,347 

4,875 

15,472 

540.64 

37.7146 

9.1421 

28.5725 

20,375 

4,S8S 

15,487 

542.03 

37.5230 

9.8858 

27.6372 

20,328 

5,340 

14,988 

542.32 

37.6916 

9.8805 

27.8111 

20,379 

5,320 

15.059 

541.48 

37.6609 

9.8805 

27.7804 

20,387 

5,320 

15.067 

542.37 

36.7130 

9.3242 

27.3888 

19,816 

4.974 

14.842 

542.15 

36.6852 

9.3242 

27.3610 

19,786 

4.974 

14,812 

541.36 

36.6826 

9.3242 

27.3584 

19,784 

4,974 

14,810 

541.34 

36.5830 

9.1421 

27.4409 

19,786 

4,888 

14,898 

542.91 

36.4116 

9.1132 

27.2984 

19,689 

4,875 

14,814 

542.68 

36.4976 

9.1421 

27.3555 

19,744 

4,888 

14,856 

543.08 

40.2116 

8.6613 

31.5304 

21.686 

4.582 

17,104 

542.12 

36.8001 

9.3242 

27.4849 

19,866 

4,974 

14.892 

541.82 

36.7000 

8.6612 

28.0388 

19,750 

4,582 

15.168 

540.96 

37.3713 

9.3242 

28.0471 

20,166 

4.974 

15,192 

541.66 

36.7925 

8.9111 

27.8814 

19,878 

4,774 

15.104 

541.73 

36.1450 

89735 

27.1715 

19.676 

4,955 

14,721 

541.79 

36.0249 

8.9735 

27.0514 

19.612 

4.955 

14.657 

541.8« 



M.an 

541.93 

current  of  about  five  amperes.     In  the  second  column  is  given  the  amount 
of  water  evaporated  by  about  half  as  large  a  current  during  an  hour  on 
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another  day  when  all  the  other  conditions,  as  nearly  as  possible,  were  the 
same  as  on  the  first  day.  The  difference  between  these  amounts  is 
given  in  the  third  column.  The  corresponding  amounts  of  heat  supplied 
to  the  calorimeter  and  their  difference,  are  shown  in  the  three  succeeding 
columns. 

The  values  in  the  last  column  are  computed  from  these  differences 
by  formula  (3),  and  each  one  is  an  independent  determination  of  the 
heat  of  evaporation  of  water  at  98.07°  C.  The  mean  of  these  values 
gives  541.93  mean  calories  per  gram.  At  100°  C.  this  would  be  1.23  less, 
or 

-Lioo  =  540.70  mean  calories  per  gram. 

The  probable  error  of  this  result,  computed  by  the  method  of  least 
squares  from  the  variations  among  the  individual  determinations,  is 
0.025  per  cent. 

The  work  of  Davis  referred  to  above  leads  to  the  relation, 


//, 


Hm  +  -3745  (^  -  100)  -  .000990  {t  -  100)- 


where  7/ioo  denotes  the  unknown  total  heat  (above  0°  C.)  of  evaporation 
at  100°  C,  and  H,  is  its  value  at  f  C.     We  can  now  write 


IL 


640.7  +  .3745  (/  —  100)  —  .000990  (/  —  100)^ 


which  gives  the  value  of  the  total  heat  of  evaporation,  expressed  in  mean 
calories,  at  any  desired  temperature  t°  C. 

Table  II. 

Heal  of  Eraporalion  of  Water  when   Boiling  at   100°  C. 


Wliile  lIiIm  rcMili  i^  aliuuL  one  per  cent,  larger  than  the  old  value,  it  is 
not  as  much  larger  as  might  have  been  expected  if  we  are  to  believe 
the  current  statements  that  steam  often  carries  several  per  cent,  of 
moisture.  Nor  is  there  much  chance  of  any  constant  error  due  to  this 
method,  or  the  apparatus,  as  a  number  of  experiments  were  made  in 
precisely  the  same  way  as  those  described  above  except  that  the  air 


No.  3.] 


HEA  T  OF  E  VA  PORA  TIO.W  OF   \VA  TER.  I  S  - 

current  was  much  reduced.  This  allowed  the  water  to  boil,  while  the 
air  current  was  only  enough  to  keep  the  steam  moving  in  the  right  direc- 
tion and  to  prevent  its  working  back  and  condensing  in  the  incoming  air 
tube.  The  data  from  these  experiments  are  shown  in  Table  II.,  and  the 
final  result,  reduced  to  ioo«  C.  gives  5367  mean  calories  per  gram 
This  shows  that  the  old  value  can  be  obtained  with  this  apparatus  by 
using  the  old  metho<l  and  allowing  the  water  to  boil.  Bv  merely  checking 
the  boiling  and  causing  the  evaporation  to  take  place'from  the  smooth 
surface  of  the  water  the  heat  of  evaporation  is  increased  by  4  calories 
per  gram.  This  is  probably  due  to  the  fact  that  the  steam  leaving  the 
calorimeter  in  the  latter  case  is  all  vapor,  while  in  the  former  case  some 
liquid  IS  also  carried  away  and  counted  as  \apor. 
Physical  Laboratory. 

University-  of  Michigan. 
May  II,  151 1. 
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SOME   THERMODYNAMIC    PROPERTIES   OF   AIR   AND 
OF  CARBON    DIOXIDE. 

By  a.  G.  Worthing. 

I.  Introduction. 

/^"^  AY-Ll'SSAC*  was  the  first  to  investigate  the  question  as  to 
^-^  whether  or  not  the  internal  energ>'  of  a  mass  of  gas  is  a  function  of 
its  volume.  He  was  not  able  to  conclude  that  the  internal  energy-  was  a 
function  of  the  volume.  On  Gay-Lussac's  work  R.  Mayer*  based  his 
computations  for  the  mechanical  equivalent  of  heat.  Joule*  with  some- 
what greater  care  and  with  a  modified  method  came  to  the  same  con- 
clusion. In  each  of  these  experiments,  the  gas  under  consideration  was 
allowed  to  expand  freely,  that  is  without  the  performance  of  external 
work  and  without  the  addition  or  subtraction  of  heat.  This  latter  con- 
dition was  only  imperfectly  realized.  The  question  as  to  whether  or  not 
the  internal  energ\-  of  the  gas  was  a  function  of  the  volume  depended 
directly  on  whether  or  not  the  freely  expanding  mass  of  gas  taken  as  a 
whole  suffered  any  change  in  temperature.  The  ratio  of  such  a  change 
in  temperature  to  the  change  in  pressure  for  small  changes  in  pressure 
is  called  the  free-expansion  effect.  Later  repetitions  of  Joule's  exf)eri- 
ment  by  Regnault*  and  by  Hirn*  led  to  the  same  result.  Cazin'  about 
1870  sought  to  do  away  with  errors  due  to  heating.  He  noted  the  varia- 
tions with  time  of  a  fluctuating  liquid  pressure  gauge  one  side  of  which  was 
connected  to  the  chamber  containing  the  gas  under  experimentation. 
Cazin  concluded  that  the  internal  energ>'  of  a  gas  was  a  function  of  its 
volume  and  obtained  values  therefor  which  will  be  noted  later.  Due  to 
the  use  of  extended  extrapolations  and  the  presence  of  heating  effects  in 
the  stop-cock  separating  his  two  chambers  initially,  the  results  are  of 
doubtful  significance.  The  writer  is  in  receipt  of  a  letter  from  Professor 
R.  A.  Millikan,  in  which  he  sUtes  that  he  has  tried  a  method  differing 
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from  Cazin's  in  that  the  fluctuations  of  the  liquid  in  the  pressure  gauge 
were  eliminated  by  a  null  method.  He  was  not  able,  however,  to  elim- 
inate the  heating  effects  at  the  stop-cock. 

The  method  first  successfully  employed  was  due  to  Joule  and  Thomson^ 
(Lord  Kelvin).  Their  celebrated  porous  plug  experiments  gave  con- 
sistent results,  which  only  needed  corrections  for  external  work  done  by 
the  gas  in  the  expansion  in  order  to  show  the  dependency  of  the  internal 
energy  of  the  gas  upon  the  volume.  The  physical  quantity  (m)  determined 
by  them  was  the  ratio  of  the  change  in  temperature  to  the  change  in 
pressure  for  small  changes  of  pressures  occurring  as  the  gas  passed 
through  the  porous  plug.  This  quantity  has  since  received  the  name 
Joule-Thomson  effect  or  Joule-Kelvin  effect.  For  moderate  pressures 
they  found  m  independent  of  the  pressure  and  dependent  on  the  temper- 
ature as  shown  in  (i), 

(l)  M  =  A/d\ 

Rose-Innes,^"  D.  Berthelot"  and  Buckingham^^  have  given  other  equa- 
tions for  representing  the  same  effect. 

Natanson,^^  working  with  CO2  under  higher  pressures,  found  a  notice- 
able though  small  diminution  in  the  Joule-Kelvin  effect  for  increased 
pressures.  Kester,"  working  with  CO2  under  still  greater  pressures,  did 
not  find  this  change  due  to  the  change  in  pressure.  Rudge^^  has  recently 
made  some  rough  determinations  for  CO2  with  a  modified  method,  in 
which  the  gas  escapes  from  a  pierced  bulb  in  a  calorimeter,  through  a 
long  piece  of  narrow  tubing.  His  results  as  a  whole  are  in  agree- 
ment with  those  of  the  previous  experiments  mentioned.  Recently 
Dalton,'^  working  with  air,  has  found  an  effect  similar  to  that  found  by 
Natanson  for  CO2.  Witkowski,^^  having  in  view  the  applications  to  liquid 
air  machines,  applied  thermodynamic  formulas  to  a  great  many  experi- 
mentally determined  results.  He  computed  by  graphical  methods  a 
series  of  curves  which  were  drawn  on  a  pressure-temperature  diagram, 
the  slopes  of  which  at  any  point  give  directly  for  that  point  the  Joule- 
Kelvin  and  the  free-expansion  effects.  Many  steps  are  involved  in  reach- 
ing the  final  results,  and  confirmation  is  needed  for  this  highly  important 
work.  Searle,^  making  use  of  Van  der  Waal's  equation  and  assuming  the 
constancy  of  the  isometric  heat  capacity,  computed  for  CO2  the  change 
in  temperature  for  the  gas  expanding  from  a  pressure  of  10  atmos.  to 
5  atmos.  Some  of  the  results  of  these  investigations  will  be  noted  later. 
The  present  paper  is  the  immediate  outcome  of  an  attempt  to  better 
comprehend  the  dependency  of  the  ratio  of  the  two  heat  capacities  of  a 
substance  7  on  its  pressure  and  temperature.     It  has  led  to  the  develop- 
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ment  of  a  certain  thermoclynamical  equation  which  relates  the  ratio  y 
to  the  free-expansion  effect.  This  together  with  another  well-known 
relation  for  the  Joule-Kelvin  effect  has  been  used  in  computing  these 
effects  for  air  and  CO,.  There  existed  what  seemed  to  be  satisfactory 
data  for  air.  An  experimental  study  of  7  for  CO,  was  undertaken  in  this 
connection  to  complete  what  seemed  necessary  data  for  that  gas. 

II.  Derivation  of  Formll.k  Relati.ng  tiik  Ratio  7  to  the  Free- 
Expansion  AND  THE  Joule-Kelvin  Effects. 
For  convenience  there  is  given  in  Table  I.  the  symbols  and  the-  units 
of  some  of  the  quantities  used  in  this  discussion. 

Definitions  of  N.  V.  Unit,  T.  N.  V.  Unit,  m  and  ;,.-The  "ncr.nal 
volume  unit"  (N.  V.  unit)  of  a  substance  is  defined  bv  K.  Onnes^*  as 
the  volume  actually  occupied  at  o*'  C.  by  one  gram-molecule  of  the 
substance  when  under  a  pressure  of  one  atmosphere.  The  "theoretical 
normal  volume  unit"  (T.  N.  V.  unit)  is  defined  as  the  volume  that  would 

Table  I. 

SymMs  and  units  of  some  of  the  quantities  used. 


Quantity. 

Symbol. 

Unit. 

Pressure, 

P 

atmosphere. 

Specific  volume, 

» 

N.  V.  unit   T.  N.  V.  unit 
gr.  mol.  '       gr.  mol. 

Temperature, 

T 

degree  Centigrade. 

Thermodynamic  temperature. 

e 

degree  Kelvin. 

Time, 

t 

second. 

Reduced  pressure, 

T 

critical  pressure. 

Reduced  temperature. 

T 

critical  temperature. 

Reduced  specific  volume. 

f 

critical  specific  volume. 

Quantity  of  heat, 

Q 

atmo.  X  N.  V.  unit. 

Specific  internal  energy-, 

atmo.  X  N.  V.  unit 

gr.  mol. 

ISopiestic  heat  capacity. 

L\ 

atmo.  X  N.  V.  unit      calorics 

Isometric  heat  capacity, 

Ratio  of  the  two  heat  capacities, 
Internal   work  in  infinitesimal,  re- 
versible, isothermal  expansions, 
External  work  in  infinitesimal,  re- 
versible, isothermal  expansions, 

Free-expansion  effect, 
Joule-Kelvin  ctTci  t, 


Jkir 


gr.  mol.  X  dog.        gr.  X  dcg. 
atmo.  X  N.  V.  unit      calorics 
gr.  mol.  X  deg.     '  gr.  X  dcg." 

atmo.  X  N.  \'.  unit. 

atmo.  X  N.  V.  unit. 

deg. 
atmo. 

deg. 
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be  occupied  at  o"  C.  by  one  gram-molecule  of  the  substance  under  a 
pressure  of  i  atmosphere  if  the  gas  obeyed  Boyle's  Law.  It  is  assumed 
that  the  value  of  the  product  pv  in  such  a  case  is  the  value  of  pv  which 
may  be  obtained  by  extrapolation  to  zero  pressure  when  considering  the 
behavior  of  the  actual  gas.  The  measuring  of  volume  in  such  units 
requires  that  Cp,  C„  and  e  be  expressed  in  the  units  given  in  Table  I. 
instead  of  the  common  units  of  cal./(gr.  X  deg.)  and  cal./gram.  The 
free-expansion  effect,  77,  of  a  substance,  as  used  here,  is  the  limiting  value 
of  the  ratio  of  the  change  in  temperature  to  the  change  in  pressure,  as 
the  change  in  pressure  approaches  zero,  for  the  adiabatic  expansion  of 
the  substance  into  a  vacuum.     Mathematically  it  is 


(2) 


V  =  (dd/dp). 


The  Joule-Kelvin  effect,  n,  as  used  here,  is  the  limiting  value  of  the  ratio 
of  the  change  in  temperature  to  the  change  in  pressure,  as  the  change  in 
pressure  approaches  zero,  for  the  adiabatic  expansion  of  the  substance 
through  an  orifice  or  a  porous  plug  from  one  maintained  pressure  to 
another  maintained  pressure.     Mathematically  it  is 


(3) 


=  (de/dp). 


(p,ir.e) 


For  the  sake  of  accuracy  in  the  theoretical  discussions,  it  has  been 
necessary  to  express  temperature  in  the  units  of  the  thermodynamic  scale. 
For  other  purposes  it  makes  but  little  difference  in  the  present  work 
whether  temperatures  are  measured  in  this  scale  or  in  the  more  common 

centigrade  scale.  In  the 
adapting  of  experimental 
data,  the  writer  has  as- 
sumed  that  the  degree  Kel- 
vin and  the  degree  centi- 
grade were  equal. 

Derivation     of    Equation 

^  Relating    rj     and  y.  —  The 

equation    relating    77,    the 

}*Aj)      free-expansion  effect,  to  7, 

the  ratio  of   the  two  heat 

capacities  may  be  readily 

obtained.    Consider  hanges 

in  e,  the  internal  energy  of 

the  substance  under  consideration,  for  transformations  indicated  in  Fig.  i. 

Let  the  change  represented  by  the  straight  line  AB  be  an  infinitesimal 

transformation  in  which  there  is  no  change  in  the  specific  internal  energy  e, 


Fig.  1. 
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an  infinitesimal  free-expansion.  Let  the  changes  represented  by  AD, 
DB  and  AC  be  respectively  infinitesimal  isopiestic,  isometric  and  iso- 
thermal transformations.  Due  to  carrying  the  substance  around  the 
cycle  ABDA,  no  resultant  change  occurs  in  t.  Consequently  the  indi- 
vidual changes  in  e  occurring  in  the  individual  transformation  making  up 
the  cycle  must  sum  up  to  zero.  Moreover,  since  there  are  no  changes  in 
e  along  AB,  the  changes  in  t  in  passing  along  BD  and  DA  must  sum  up 
to  zero.     Hence 

(4)  C(A,0  -  A,e)  -  CpAi^  +  pAr  =  o. 

Since  tlu'  tr.uisforniations  are  infinitesimal,  we  ha\'e 

and 

A.0A-/)  (dd  \    ldp\ 

Ar. 
Eliminating  lid,  \id  and  Ai'  from  (4),  we  ha\'e 

(7)      •(c.-c.)(:)^-p.,a(::),=o. 

An  expression  for  {dpjdv),  may  be  obtained  as  follows.  For  all  trans- 
formations we  have 


='(n 


di 
dp- 


dv. 
\  OU  /  V  \  dv  /  g 

Hence 

/dp\    dd         /dp\    dv 


For  a  free-expansion  (9)  becomes 

('ip\    /  dO  \  I^P\    I  dv 


or 


-C) 
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The  elimination  of  (dp/dv),  from  (7)  and  (11)  gives 

dp 


(12)  7  =  ^'=  I  +  ;  1^1    + 


p  ldv\ 

cAddfp 


Afel 


a         cAddfp  '  idp\  ■ 


'Q, 


Tiie  expressions  for  7  usually  derived  in  text-books  on  physics  are 
equivalent  to  the  first  two  terms  of  the  right-hand  member  of  (12). 
By  means  of  it  and  of  certain  assumptions  regarding  the  application 
of  the  kinetic  theory  of  gases,  it  is  shown  that  for  cases  where  such 
assumptions  are  realized  the  limiting  values  of  7  are  I  and  i  %.  Equation 
(12),  however,  is  a  perfectly  general  expression.  It  reduces  to  the  more 
common  expression  for  small  pressures  where  (dp/dd)^  is  small  and  the 
term  containing  77  may  be  disregarded.  The  writer  has  not  seen  else- 
where any  expression  similar  to  (12). 

Equation  (12),  when  combined  with  the  following  well-known  relation 
deduced  in  texts  on  thermodvnamics 


gives 


\dpL 


Expression  of  n  as  a  function  of  7.— In  texts  on  thermodynamics  the 
following  equation  for  the  Joule-Kelvin  effect  is  derived: 

/dv\ 
(15)  M=-^^^ • 

Equations  (13)  and  (15)  lead  directly  to  the  following 


(16)  ^       ■>-'  ^'"'' 


7      m 

Equations  (14)  and  (16)  are  the  two  relations,  the  application  of  which 
form  certain  of  the  main  subdivisions  of  this  paper. 
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III.    The  Free-Expansion  and  Joule-Kelvin  Effects  in  Air. 

Inspection  of  Available  Data. — In  order  to  apply  equations  (14)  and 
(16),  there  are  needed  experimental  data  regarding  7,  the  interrelations 
of  p,  V,  6  and  their  partial  deri\atiNes  {dpldd)v  and  {dv/dd)p.  7  for  air  may 
be  obtained  from  data  by  Witkowski,-*  by  Koch,"  or  from  data  by  Joly^ 
and  Lussana.-*  Witkowski  first  computed  C,,  and  T,.  and  then  7.  Cp 
was  obtained  from  the  relation 

Cv  was  obtained  b\-  means  of  (13).  \'alues  of  7  were  then  computed  for 
various  temperatures  ranging  from  0°  C.  to  -140"  C,  and  for  pressures  up 
to  about  130  atmospheres.  Later  by  Kundt's  velocity  of  sound  method, 
he  measured  7  directh-  under  pressures  up  to  100  atmospheres  and  at  0°  C. 
and  -78.5°  C.  These  results,  though  noticeably  higher,  agree  cjuite  well 
with  the  computed  results,  as  may  be  seen  by  an  inspection  of  Table  II. 
Koch's  results  were  likewise  obtained  by  Kundt's  velocity  of  sound 
method.  In  his  experiments  the  pressure  varied  from  i  to  200  atmospheres. 
The  temperatures  were  0°  C.  and  -79.3°  C.  His  results  agree  well  with 
Witkowski's.  Joly  determined  Cv  for  air  by  means  of  his  well-known, 
differential,  steam-calorimeter  method  for  various  temperature  intervals 
all  above  0°  C.  and  for  pressures  up  to  about  100  atmospheres.  A\erage 
values  of  Cp  for  air  were  determined  by  Lussana  for  various  intervals  of 
temperature  between  o**  C.  and  200°  C.  and  for  various  pressures  up  to 
100  atmospheres.  These  values  of  C^  and  Cp  and  the  values  of  {dVjdd)p 
and  {dpldd)t  obtained  by  Amagat  from  his  experiments  on  the  compress- 
ibility of  air,  have  been  shown  by  Amagat  to  be  quite  inconsistent  with 
one  another.  Data  by  Joly  and  Lussana  have  therefore  not  been  relied 
upon  in  this  work.  The  writer  has  seen  only  an  abstract  of  Witkowski's 
paper  in  which  the  Kundt  method  of  measuring  7  was  detailed.  For 
the  above  reasons  and  for  the  added  reason  that  the  data  by  Koch  seemed 
to  have  been  obtained  with  great  care,  Koch's  data  have  been  used  in 
the  following  computations.  The  values  obtained  from  Koch's  paper 
are  to  be  found  in  Table  II.,  column  7. 

For  the  determination  of  the  interrelations  of  p,  v,  and  0  and  the 
partial  derivatives  (di'  dd)pan6  (dp;dd)r,  there  exist  the  works  of  Amagat,*" 
Witkowski'^  and  Koch-*.  Amagat's  data  relate  to  temperatures  above 
0°  C.  and  can  not  be  used  in  connection  with  the  data  on  7  selected. 
Witkowski's  results  on  the  compressibility  of  air  cover  the  range  of  tem- 
peratures and  pressures  of  the  7  data  selected.  Moreover,  the  values 
of  the  product  pv  as  a  function  of  p  at  0°  C.  and  —  78.5**  C.  have  been 
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fairly  well  verified  by  Koch.     Witkowski's  data  on  the  compressibility 
of  air  have  therefore  been  made  use  of. 

Method  of  Handling  p,  v,  6  data. — In  applying  equations  (14)  and  (16), 
(dv/dd)p  and  {dp/dd)v  do  not  merely  appear  by  themselves  but  also  in  the 
expressions  v{dd/dv)p  and  d{dp/d6)v  The  values  for  these  expressions 
were  obtained  as  follows:  Consider 

(18)  {pv)e  =  f{P)- 

The  derivation  of  (18)  with  respect  to  p  gives  on  rearranging 
idp\  p 

Likewise  we  may  consider 
(20) 


Whence 

(21) 

and 

(22) 

Since 

(23) 

(24) 


dv 


r) 

\ddlp 


F\d), 


MaWp     F'ie)' 
\del,         \dvl0\ddlp' 


pdF'je) 


Variation  of 


with  pressure  for  air. 
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For  air  at  various  pressures  and  at  o"  C.  and  —  79.3°  C,  /'(/>)  and  F'id) 
were  obtained  from  Witkowski's  data  by  graphical  means.  The  indi- 
vidual values  of  the  reciprocals  of  v{dd,dv)p  which  were  obtained  together 
with  the  smoothed  curves  are  shown  in  Fig.  2.  The  values  used  were 
taken  from  these  cur\es. 

Results  from  Data  by  Witkou-ski  and  Koch. — Certain  data  and  com- 
putations leading  to  the  values  of  n  and  r?  arc  inchuicd  in  Table  II.     The 


T.VBLE    II. 
Computations  for  m  and  n  of  air  using  data  obtained  by  Withnoski  and  by  Koch.     Air  at  o"  C. 


p 

.9951 

-[-(!).] 

■"  (SI 

«-a 

'(!).- 

^ 

M 

1? 

air, 

10 

1.9997 

4.5737 

7.7 

.2.> 

1.435  .228 

.259 

.023 

15 

.9923 

2.3519 

.4026 

11.4 

.52 

1.448  .227  .260 

.035 

20 

.9897 

2.6017 

.2824 

15.0 

.92 

1.460  .226  i. 259 

.046 

25 

.9869 

2.7958 

.1906 

18.6 

1.48 

1.472  .225  :  .265 

.059 

30 

.9842 

2.9546 

.1160 

22.0 

2.13 

1.483  .223 

.263 

.071 

40 

.9793 

3.2057 

.0005 

28.7 

3.92 

1.508  .220 

.270 

.090 

50 

.9754 

3.4010 

5.9134 

35.1 

6.35 

1.533  .217 

.275 

.127 

60 

.9723 

3.5614 

.8440 

41.2 

9.48 

1.557  .212 

.278 

.158 

70 

.9701 

3.6969 

.7881 

47.0 

13.46 

1.582  .207 

.281 

.192 

80  .9688 

3.8160 

.7392 

52.5 

18.10 

1.603  .201 

.279 

.226 

90  1  .9681 

3.9212 

.6984 

57.7 

23.8 

1.625  .195 

.278 

.264 

100  !  .9681 

4.0155 

.6598 

61.3 

29.4 

1.645  .186 

.270 

.294 

110  1  .9690 

4.1034 

.6244 

64.0 

36.0 

1.663  .175 

.263 

.327 

120  .9710 

4.1838 

.5882 

64.5 

41.6 

1.682  ,  .162 

.253 

.347 

130  .9738 

4.2602 

.5530 

63.6 

47.7 

1.700  1.147 

.243 

.367 

Air  at- 79-3°  C. 

1 

.708 

.1488 

3.5643 

.8 

1 .4U.S 

.UK) 

10 

.690 

2.1500 

?.5866 

15.1 

.57 

1.463 

.452 

.447 

.057 

15 

.681 

2.5022 

.4236 

22.6 

1.34 

1.495 

.458 

.463 

.089 

20 

.672 

2.7520 

.3124 

30.1 

2.48 

1.530 

.464 

.476 

.124 

25 

.664 

2.9459 

.2299 

37.4 

4.05 

1.567 

.466 

.489 

.162 

30 

.655 

3.1046 

.1644 

44.3 

6.01 

1.602 

.462 

.492 

.200 

40  .638 

3.3541 

.0664 

56.9 

11.04 

1.681 

.452 

.487 

.276 

50  .620 

3.5483 

.0062 

71.6 

19.48 

1.765 

.447 

.493 

.390 

60  !  .606 

3.7071 

5.9554 

81.9 

29.01 

1.857 

.424 

.474 

.483 

70  ,  .587 

3.8499 

.9209 

93.1 

44.4 

1.950 

.397 

.457 

.634 

80 

.573 

3.9819 

.8783 

99.0 

60.5 

2.044 

.360 

.431 

.756 

90 

.562 

4.0981 

.8340 

102.3 

75.8 

2.125 

.327 

.397 

.842 

100 

.554 

4.2097 

.7900 

104.0 

93.7 

2.200 

.293 

..S68 

.937 

110 

.550 

4.3122 

.7478 

104.4 

112.5 

2.290 

.264 

.344 

1.023 

120 

.547 

4.3998 

.7072 

104.3 

128.0 

2.370 

.243 

.324 

1.067 

130 

.546 

4.4804 

.6683 

103.7 

143.0 

2.460 

.226 

.308 

1.100 

.     N.  v.  units  ,  ,      .      deg. 

*  IS  expressed  in  atmos..  r  m . —  .  and  M  and  n  in 

gr.  mol.  atmo. 
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value  of  the  ice  point  for  this  table  was  taken  as  273.2°  K.  The  value 
used  for  the  other  and  later  computation  was  273.1°  K.  The  variations 
produced  by  not  using  the  latter  value  throughout  are  inappreciable, 
hence  Table  II.  has  not  been  corrected  in  this  respect.  The  computed 
free-expansion  and  Joule-Kelvin  effects  are  indicated  in  Fig.  3  by  open 
circles. 


o  2.0  ^0  1,0  ?o         '00         120        ito 

Fig.  3. 

Variation  with  pressure  of  the  free-expansion  (■»?)  and  Joule-Kelvin  (m)  effects  in  air  at 
0.0°  C.  and  =  79.3°  C. 
Results  based  on 

Witkowski's  data O 

K.  Onnes's  equation • 


K.  Onness  Equation. — The  values  in  Fig.  3  indicated  by  circles  with 
filled  centers  are  obtained  by  using  Kamerlingh  Onnes's^®  empirical  equa- 
tion representing  the  isothermals  of  air  at  0°  C,  20°  C.  and  99.4°  C. 
for  pressures  up  to  about  50  atmospheres  and  Koch's  data  on  7.  The 
equation  given  by  Kamerlingh  Onnes  is 


(25) 


.       B        C 


,            .                  J  .    N.  V.  units 
where  v  is  expressed  m  — r—  ,  p  m  atmospheres,  and  A,  B  and  C 
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are  functions  of  6,  the  individual  values  of  .1.  B  and  C  arc  as  shown  for 
the  given  temperatures  in  Table  III. 

T.VUl.K    III. 
Constants  for  Kammerlingh  Onnes's  empirical  equatio). 


r            I       A 

B 

0.0"  c. 
20.0°  C. 
99.4"  C. 

1.0006 
1.0739 
1.3647 

-.0,57440 
-  40495 
+  25057 

.0,29594 
30178 
35669 

Results  from  K.  Otines's  Equation  and  Koch's  Data. — The  compulations 
for  n  and  jj,  excepting  those  for  zero  pressure,  differ  in  this  case  from  those 
in  which  the  p,  v,  6  relations  were  obtained  from  Witkowski's  data  in  that 
{dp'dv)g  was  obtained  in  this  case  by  differentiation.  Tabk-  1\'.  indicates 
these  results. 

T.\BLE    1\'. 

Compulations  for  fi  and  ij  of  air  at  o°  C.  using  Kammerlingh  Onnes's  equation  of  stutt-  and  y 

data  by  Koch. 


-^[-a)M%Vr'-a '{%)-■ 


u 

10 

1.0006 
.9952 

2.0000 

20 

.9902 

2.6022 

30 

.9859 

2.9550 

40 

.9822 

3.2060 

50 

.9790 

3.4009 

I   ?.5759 

.2869 

.1220 

I      .0073 

I    5.9199 


8.9 
17.3 
24.9 
31.7 
37.7 


.29 
1.16 
2.62 
4.64 
7.18 


1.435 
1.448 
1.460 
1.472 
1.483 


.273 
.262 
.258 
.249 
.239 
.229 


A/r, 

A*^, 

320 

.000 

322 

.029 

318 

.058 

313 

.087 

308 

.116 

.300  I  .144 


p  is  expressed  in  atmos. 


N.  V.  units 
in  -     , 

gr.  mol. 


,  and  M  and  v  in 


deg. 


Values  for  ^  and  tj  at  Zero  Pressure. — The  \alues  for  ^o  and  tjo  at  p  =  o 
were  obtained  by  a  method  indicated  for  ^to  by  J.  P.  Dalton."  The 
method  of  obtaining  t;o  is  outlined  briefly  here.  H\-  means  of  Ti^K  (i.\) 
mav  be  rewritten  as 


(26) 


V   = 


'(or)    -f 


By  the  direct  processes  of  calculus  and  by  the  substitution  of  f  =   oo , 
we  get 

,tB 
Oi 


(27) 


'?0 


Cpo- 


dA 

69 
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The  analogous  value  for  /zo  obtained  from  (15)  is 

(28)  ^_f_-^ 
"'  =      C,oA       ' 

The  well  established  value  of  Cp^  for  air  under  low  pressures  is  very 

closelv  .2^7S 1 —  ,  or  in  the  units  consistent  with  those  chosen  for  p 

■      ^'^^gr.  Xdeg. 

atmos.  X  N.  V.  units 

and  .  in  this  paper  .01273  "  g^.  niol.  X  deg.       ' 

It  is  to  be  noticed  that  the  two  sets  of  values  for  m  and  r?  included  in 
Tables  II.  and  IV.  differ  considerably,  the  greatest  variations  occurring 
with  the  smaller  pressures.  This  is  evidently  due  to  the  smallness  of 
the  quantities  B  -  v{ddldv)p  and  e(dp/dd)v  —  p.  The  entire  differences 
result  from  very  small  but  noticeable  variations  in  corresponding  values 
of  {dvldd)p.  This  source  of  uncertainty  is  plainly  much  less  effective  at 
the  higher  pressures. 

Results  for  n  at  0°  C. — The  value  obtained  for  the  Joule-Kelvin  effect 

at  zero  pressure  no  at  0°  C.  from  Kamerlingh  Onnes's  equation  agrees 

very  closely,  as  has  been  shown  by  J.  P.  Dal  ton,  with  the  experim*ental 

value  obtained  by  Joule  and  Kelvin  and  with  his  own  experimental  value. 

It  also  agrees  very  well  with  the  computed  value  obtained  by  using 

Buckingham's  equation  in  which  he  expressed  in  a  single  formula  the 

results  of  all  experimental  Joule-Kelvin  effects  for  various  substances 

under  moderate  pressures,  as  a  function  of  the  temperature.     Each  of 

deg. 

these  values  closely  approximates  .27^^ .      This  value  has  therefore 

'    atmo. 

been  selected  on  the  plot  Fig.  3,  as  the  starting  point  for  the  curve  at  0°  C. 

J.  P.  Dalton's  experimental  results  for  the  porous  plug  expansion  of  air 

through  a  glass  reduction-valve  are  very  well  represented  by  the  equation, 

(29)  Ti  -  Ta  =  .273(^1  -  I)  -  .000208(^2  _  i). 

pi  represents  the  initial  pressure  of  the  air,  a  quantity  which  in  his 
experiments  reached  a  pressure  of  43  atmospheres.  Ti  the  initial  tem- 
perature was  0°  C.     The  final  pressure  was  that  of  the  atmosphere.     T2 

T->      J^ 

represents  the  final  temperature.     The  ratio ,  if  platted  on  Fig.  2 

pi  —  I 

would  start  with  the  same  initial  value  for  fxo  as  chosen  and  would  con- 
tinue from  there  in  a  line  lying  approximately  half  way  between  the  line 

atmo. 
M  =  -273  ~i         and  a  hne  passing  through    the  points  determined  by 
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Kamcrlingh  Onnes's  equation  and  the  7  data  of  Koch.  When  it  is 
remembered  that  the  results  of  Dalton  represent  effects  from  finite  ex- 
pansion of  considerable  magnitude  and  that  the  mean  temperatures 
during  such  expansions  are,  for  the  higher  pressures  especially,  noticeably 
less  than  0°  C,  for  which  temperatures  the  Joule-Kelvin  effect  becomes 
greater,  it  will  be  seen  that  the  deviation  spoken  of  above  is  to  be  ex- 
pected. Moreover,  it  may  be  readily  shown  that  this  deviation  agrees 
in  magnitude  with  what  is  obtained  by  some  rather  rough  computations. 
For  an  initial  pressure  of  40  atmospheres,  (29)  gives  for  To  a  value  of 
—  10.3°  C.  If  now  (i)  may  be  taken  as  approximately  true,  and  if  it  is 
further  assumed  that  the  value  of  m  for  0°  C.  and  atmospheric  pressure 

deg. 
is  .273  ,  it  follows  that  the  value  of  n  for  —  10. "i"  C.  and  atmospheric 

atmo. 

deg. 
pressure  is  .294  -  .     The  \-aluc  for  n  at  0°  C.  and  40  atmospheres, 

deg. 
according  to  data  based  on  Kamerlingh  Onnes's  eciuation,  is  .239       . 

For  air  initially  at  0°  C.  and  40  atmospheres,  expanding  through  a  valve 

as  in  J.  P.  Dal  ton's  experiment  to  atmospheric  pressure,  an  average 

value  for  n  might  be  expected  which  is  near  the  mean  of  the  extreme 

deg. 
values  given  above.     This  computed  average  for  n,  .266     ^       ,  agrees 

<Jcg. 
verv  well  with  the  value  to  be  obtained  from  (29),  .264  .     Because 

atmo. 

of  these  agreements,  it  has  been  assumed  in  drawing  the  curve  for  m  at 
0°  C.  that  the  values  computed  with  the  aid  of  Kamerlingh  Onnes's  equa- 
tion of  state  are  correct.  The  general  trend  of  these  \alues  are  such  as 
to  show  agreement  with  the  values  of  n  obtained  for  the  higher  pressures 
using  Witkowski's  data.  It  might  be  expected  that  these  latter  values 
would  not  be  far  from  the  correct  values,  since  here,  as  may  be  seen  in 
Table  II.,  small  errors  entering  into  6  —  v{dd:dv)p  would  cause  but  small 
errors  in  the  computed  results  for  /i.  Hence  the  further  continuance  of 
the  curve.     The  curve  for  m  at  0°  C.  is  well  represented  by  (30). 

(30)  /ir=o  =  -273  —  .ooo76/>  —  .oooooi2/>2. 

Results  for  n  at  —  7Q.j°  C. — In  drawing  the  curve  for  m  at  —  79-3°  C., 

the  value  gi\'en  by  Buckingham's  equation  was  selected  as  being  the 

deg. 
most  probable  value  for  ^i  at  zero  pressure.     This  value  of  .498 

deg. 
was  found  to  agree  very  well  wiih   the  value  .486  for    —  78.5** 
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which   was   obtained   by   using   as   before,    equations    similar   to    (25) 
and     Witkowski's     experimental    value     of    Cp    .2t,-j5    —^ —    or 

atmos.  X  N.  V.  units       _,  •  1  1         1  <• 

.0127'^ : —  .      I  he  equations  used  here  however  were  of 

'"^  gr.  mol. 

the  type 

(31)  pv  =  A^  B/v. 

A  and  B  have  the  values  indicated  in  Table  V.  at  the  stated  temperatures 

Table  V. 

Constants  for  equation  (31). 


0.0°  C. 
•  78.5 
•103.5 


1.0006  !  -.000574 

.7130  I  -.001193 

.6214  -.001473 


N.  V.  units 

when  as  before  p  is  expressed  in  atmospheres  and  v  in ^ —  .     The 

gr.  mol. 

values  of  A  and  B  relating  to  o°  C.  have  been  given  by  Kamerlingh  Onnes. 
The  remaining  values  of  A  were  determined  on  the  supposition  that  at 
zero  pressure  air  rigorously  obeys  the  perfect  gas  law.  The  remaining 
values  for  B  were  determined  with  the  additional  supposition  that  Wit- 
kowski's data  on  the  values  of  v  for  air  at  —  78.5°  C.  and  —  103.5°  C. 
for  a  pressure  of  20  atmospheres  are  correct.     These  values  are  respec- 

.     ,  „  ,  atmos.  X  N.  V.  units 

tively  .03389  and  .02848 ■. 

gr.  mol. 

Results  for  rj  at  0°  C. — In  drawing  the  curve  for  the  free-expansion 
effect  17  of  air  at  0°  C,  preference  was  given  at  small  pressures  to  the 
values  computed  with  the  aid  of  Kamerlingh  Onnes's  equation  and  con- 
stants, because  they  had  given  very  nearly  the  correct  results  for  the 
Joule-Kelvin  effect  at  the  same  temperature  and  pressure.  It  is,  of 
course,  to  be  borne  in  mind  that,  even  if  an  equation  of  state  should 
indicate  correct  values  for  the  Joule-Kelvin  effect  for  any  pressure  and 
temperature,  the  computed  free-expansion  effects  as  determined  by  that 
equation  of  state  might  deviate  far  from  the  true  values.  If,  however, 
in  addition  to  leading  to  the  correct  Joule-Kelvin  effects,  the  equation 
correctly  represents  the  isothermals,  then  as  has  been  shown  by  Bakker,^" 
the  equation  will  lead  to  correct  free-expansion  effects.  As  in  connection 
with  the  Joule-Kelvin  effect  and  for  a  similar  reason,  we  may  expect 
that  the  computed  free-expansion  effects  based  on  Witkow^ski's  data,  in 
the  case  of  high  pressures,  will  not  deviate  far  from  the  true  values. 
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Here  d{dpldQ)v  —  p  is  the  term  which  practically  determines  the  accuracy 
of  the  computed  results.  The  writer  knows  of  no  direct  determinations 
of  77  which  might  be  used  here.  The  cur\e  for  rj  at  0°  C.  is  well  repre- 
sented by  (32). 

(32)  T?r^o  =  .320  —  .oooiSp  —  .ooo<^K)32/>-. 

Results  for  r]  at  —  7Q.J°  C. — In  drawinj;  the  cur\e  for  the  free-e.\pansion 
effect  17  at  —  79.3°  C,  the  value  for  zero  pressure  was  chosen  as  follows: 
The  value  computed  with  the  aid  of  equation  (31)  and  the  accompanying 

constants  for  zero  pressure  and   —  78.5°  C.  was  .406  .     Since  the 

almo. 

Joule-KeKin  effect  for  zero  pressure  and  —  78.5°  C.  computed  from  the 

deg. 
same  data  differed  bv  .012         —  from  the  \alue  iri\en  bv  BuckinLiham's 
atmo.  ^ 

equation  for  —  79.3°  C,  and  since  the  variations  of  n  and  77  with  tem- 
perature seem  to  be  about  the  same,  as  the  general  trend  of  the  curves 
drawn  indicate,  it  was  assumed,  that  the  \alue  for  770  at  —  79.3°  C.  was 

deg. 

higher  than  the  computed  value  at   —  78.5°  C.  bv  .012 *    ,  making 

'  atmo.  '^ 

deg. 

the  value  selected  .508 . 

atmo. 

Agreement  icnth  Witkowski's  Results. — There  has  been  mentioned  the 
work  of  Witkowski.'^  He  started  with  a  number  of  experimentally 
determined  relations  between  p,  v  and  6,  and  with  the  experimental  con- 
clusion that  Cp  for  air  at  i  atmosphere  is  independent  of  the  temperature, 
computed  isenthalpic  and  isenergic  curs'es  for  air  embracing  a  region 
from  0°  C.  to  —  140°  C.  and  from  zero  pressure  to  150  atmospheres. 
Graphical  methods  were  largely  used.  The  slopes  of  these  curves  give 
directly  the  Joule-Kelvin  and  the  free-expansion  effects.  The  writer 
has  included  in  Table  VI.  a  number  of  values  for  ^  and  77  thus  obtained 
together  with  the  corresponding  values  from  the  present  work.  Except- 
ing for  the  lower  pressures,  the  agreement  is  good.  As  has  been  pre- 
viously suggested,  the  variations  here  are  undoubtedly  largely  due  to  the 
smallness  of  the  corresponding  values  for  d  —  v{dd/dv)p  and  Q{dpldd)p  —  p. 
Witkowski  himself  ascribed  the  variation  of  his  results  from  those  of 
Joule  and  Kelvin  to  the  uncertainties  entering  into  his  grajihical  calcu- 
lations. 

Internal  Work  of  Expansion. — It  is  of  considerable  interest  in  this  con- 
nection to  consider  the  relative  magnitudes  of  the  effects  of  the  internal 
forces,  intramolecular  as  well  as  intermolecular,  which  give  rise  to  the 
free-expansion  and  to  a  large  extent  to  the  Joulc-Kclvin  effects.     This 
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Table  VI. 

Corresponding  values  of  M  and  v  according  to  Witkowski  and  to  Worthing. 


V 

deg 

T 
in  °C. 

Values  of,,  in -^^^ 
'       atmo. 

T 

aluesofMin^^^^- 

in  °C. 

in  AtmoB. 

( Witkowski.) 

(Worthing.) 

in  Atmos. 

(Witkowski.) 

(Worthing.) 

0.0 

40 

70 

113 

.20 

.23 
.175 

.242 
.215 
.175 

0.0 

50 

84 
121 

.23 

.265 

.252 

.303 
.282 
.252 

-79.3 

0 

.515 

.498 

-79.3 

19 

.491 

.505 

15 

.496 

.490 

38 

.509 

.496 

30 

.476 

.476 

55 

.500 

.480 

43 

.468 

.460 

71 

.468 

.452 

57 

.448 

.430 

88 

.424 

.403 

69 

.400 

.397 

104 

.358 

.358 

83 

.365 

.349 

122 

.323 

.322 

97 

.308 

.303 

112 

.248 

.260 

130 

.222 

.226 

may  best  be  done  by  determining  the  ratio  of  the  work  done  against 
these  internal  forces  £iWi  to  that  done  against  external  forces  AT^2 
when  a  gas  undergoes  an  infinitesimal,  reversible,  isothermal  expansion. 
The  internal  work  for  such  an  expansion  is  evidently  equal  to  the  change 
in  internal  energy,  which  in  turn  is  equal  to  the  heat,  measured  in  ap- 
propriate units,  which  must  be  added  to  the  substance  following  the 
free-expansion  from  the  initial  to  the  final  volume  to  bring  it  without 
changing  the  volume  to  the  initial  temperature. 


(33) 


^Wl  =  (Ae), 


C.y){^p). 


c 


'(a!). 


At;. 


With  the  aid  of  (ii),  (12)  and  (13),  there  follow; 


(34)    A  IF, 


=  (-) 

\dvf. 


Ay 


Ma 


Ay  = 


[^(af)-^] 


Ay. 


The  desired  ratio  of  the  internal  work  to  the  external  work  is  given  by 


(35) 


ATFi 
AT^2 


P 


This  relation  is  true  for  all  infinitesimal,  reversible  expansions  in  which 
the  accompanying  changes  in  p  are  infinitesimal.     Values  for  APFi/Al^2 
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for  air  have  been  computed  and  are  to  be  found  in  the  last  columns  of 

Tables  II.  and  IV.     The  results  have  been  platted  in  Fig.  4.     In  Fig.  4 

only  those  points  have  been  platted  for  which  the  corresponding  computed 

values  of  n  and  77  were  found  to  fall  closely  on  the  platted  curves  of 

F'ig.  3.     What   has  been  noted   jirex  iously  regarding  the  uncertainties 

in  eidp/dd),  -   p    at    low 

pressures,    applies    equal! >• 

here.       The     changes     in 

AWi/AWo     with      pressure 

and  with  temperature  are 

very  evident,  the  ratio  for 

the  lower  temperature  and 

the  higher  pressures  being 

greater  than  unity. 

Conclusions  Regarding  rj, 
H  and  Airi/A]r2  of  Air. — 
The  plats  show  that  in  air 
for  the  region  considered: 

1.  The  free-expansion 
effect  T?  is  greater  than  the 
Joule-Kelvin  effect  n  for 
the  same  pressure  and  tem- 
perature. 

2.  The  absolute  differ- 
ence between  7;  and  n  for 
the  same  pressure  and  tem- 
perature increases  with  in- 
creasing pressure. 

3.  Both  7j  and  n  are 
greater  for  the  lower  tem- 
perature than  for  the  higher 
temperature. 

4.  Both   rj  and   y.  begin- 
ning with  low  pressures,  decrease  with  increasing  pressures,  the  rate  of 
decrease  being  the  greater,  the  greater  the  pressure. 

5.  The  ratio  of  the  internal  work  to  the  external  work  for  infinitesimal, 
reversible,  isothermal  expansions  A\\\lA\\\  is  greater  at  —  79.3°  C.  for 
a  given  pressure  than  at  0°  C. 

6.  The  ratio  Airi/All'j  starts  with  zero  values  at  zero  pressure  and 
increases  with  pressure,  and  in  the  case  of  the  lower  temperature,  reaches 
a  value  greater  than  unity. 


Fig.  4. 

....  .  .  ,  internal  work  .       .    , 

Variation  with   pressure  of  ,         .    in  air  for 

external  work 

infinitesimal,  reversible,  isothermal  expansions. 

Results  based  on 

Witkowski's  data O 

K.  Onnes's  equation    • 
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IV.  The  Determination  of  7  for  CO2  as  a  Function  of  the 
Pressure  and  the  Temperature. 

Consideration  of  Existing  Data. — There  exist  many  determinations  of  y 
for  CO2  under  atmospheric  pressure.  There  exist  for  pressures  con- 
siderably greater,  so  far  as  the  writer  knows,  only  the  computations  of 
Amagat,"  in  which  he  combines  the  determinations  of  C„  made  by  Joly^^ 
with  his  own  determinations  of  the  interrelations  of  p,  v  and  9.  His  own 
work  enabled  him  to  determine  d{dp/d9)v{dvldd)p  for  the  gas  at  any  desired 
pressure  and  temperature.  By  the  application  of  (13),  Cp  and  then  7 
were  determined;  first  at  varying  pressures  for  a  density  of  the  CO2  of 
.124  gr./cm.^  then  at  varying  pressures  for  a  temperature  of  50°  C.  He 
obtained  various  values  for  7  which  showed  that  quantity  to  increase 
noticeably  with  increasing  pressure  and  with  decreasing  temperature.  For 
a  temperature  of  50°  C.  and  a  pressure  of  100  atmospheres,  he  found  7 
to  be  4.633.  Unfortunately  the  results  are  such  that  it  is  impossible 
to  check  them  by  comparing  them  with  other  determined  values  at  one 
atmosphere. 

At  about  the  same  time  there  appeared  papers  by  Lussana*^  on  the 
values  of  Cp  for  CO2  at  about  the  same  pressures  and  temperatures. 
Evidently  his  results  might  be  combined  with  Amagat's,  Cv  determined 
and  then  7;  or  his  results  might  be  combined  with  Joly's  directly  and  7 
thus  determined.  The  writer  has  attempted  the  latter.  It  has  been 
necessary  to  plat  the  given  values  of  Cp  and  Cv  in  order  to  get  values  for 
Cp  and  Cv  under  the  same  conditions.     Table  VII.  includes  the  results 

Table  VII. 

7  for  CO2  from  data  by  Joly  and  by  Lussana. 


p 

30° 

50° 

80° 

Cp 

c„ 

y 

Cp 

c„ 

Y 

Cp 

c„ 

y 

10 

.1^1 

.169 

1.76 

.259 

.169 

1.53 

.250 

.168 

1.49 

20 

.301 

.173 

1.75 

.263 

.172 

1.53 

.253 

.171 

1.48 

30 

.^1S 

.179 

1.72 

.268 

.177 

1.52 

.258 

.175 

1.48 

40 

^  ^ '  ■ 

.184 

1.73 

.276 

.182 

1.52 

.264 

.180 

1.47 

P  is  expressed  in  atmospheres.     Cp  and  C«  are  expressed  in 


caL 

gr.  X  deg. 


of  such  computations.  Joly's  conclusion,  that  for  densities  less  than 
.124  gr./cm.'^  Cr>  for  CO2  is  practically  independent  of  the  temperature, 
was  assumed  as  correct.  There  are  only  a  few  values  which  may  be 
compared  with  those  mentioned  above  as  having  been  obtained  by 
Amagat.     There  is  but  very  little  agreement  between  the  two  sets  of 
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determinations.  Moreover  the  variations  of  7  in  'l\il»k'  \'II.  are  such 
as  would  indicate  values  of  7  under  atmospheric  pressure  which  are  very 
different  from  the  generally  accepted  values.  There  is  evident  need  of 
further  determinations  of  7  for  COj  for  various  pressures  and  tempera- 
tures. 

Methods  of  Measuring  7  for  Gases  under  Ili^h  Pressures. ~T\\cvc  are 
several  methods  of  determining  7  which  are  practicable  when  applied 
to  a  gas  under  high  pressures.  There  are  (i)  the  thermodynamic  method 
used  by  Witkowsld  as  described  briefly  in  an  earlier  part  of  the  present 
paper;  (2)  the  separate  determination  of  Cp  and  C;  (3)  the  determina- 
tion of  Cp  and  the  consequent  computation  of  C„  by  equation  (13);  (4) 
the  determination  of  C,  and  the  consequent  determination  of  Cp  by 
equation  (13);  (5)  the  method  of  Jamin  and  Richard'*  in  which  the 
isopiestic  and  isometric  changes  in  temperature  of  a  gas  heated  by  a 
wire  carr>-ing  an  electric  current  is  measured;  (6)  the  method  of  Ass- 
mann,"  in  which  there  is  obser\ed  the  period  of  vibration  of  a  system  in  a 
closed  glass  tube  composed  of  a  mass  of  the  gas  separated  into  two  parts 
by  means  of  a  column  of  mercur\';  (7)  the  velocity  of  sound  method; 
(8)  the  method  of  Lummer  and  Pringsheim'^  so  modified  as  to  apply  to 
gases  far  removed  from  the  state  of  perfect  gas;  and  (9)  the  method  of 
Maneuvrier,"  a  null  method  based  on  the  same  fundamental  principles 
as  the  method  commonly  called  after  Clement  and  Desormes. 

Reasons  Jar  Choosing  the  Method  Selected. — The  thermodynamic  method 
of  Witkowski  might  be  applied  to  the  data  given  by  Amagat  for  CO2. 
There  would  be  required  in  addition  however  the  variations  of  Cp  or  C„ 
with  temperature  at  a  given  pressure  such  as  atmospheric.  Such  deter- 
minations as  these  have  been  made  but  there  is  a  great  lack  of  consistency 
in  the  data.  It  has  not  seemed  desirable  to  make  use  of  this  method  in 
the  present  case.  The  next  three  methods  necessitate  the  measurement 
of  Cp,  C,  or  both  for  various  pressures  and  temperatures.  These  are 
very  difficult  undertakings.  Moreover,  as  they  have  already  been 
measured  by  Joly  and  Lussana  as  noted  above,  and  with  very  probable, 
serious  errors  as  is  suggested  by  Table  VII.,  none  of  these  three  methods 
has  been  used  in  the  present  work.  Jamin  and  Richard's  method  would 
undoubtedly  be  hard  to  realize  under  high  pressure,  especially  in  the 
carrying  out  of  an  isopiestic  heating.  Assmann's  method  might  well 
yield  good  results,  when  all  allowances  are  made  for  disturbing  factors. 
The  velocity  of  sound  method  has  been  used  by  Witkowski  and  by  Koch 
for  air  with  fair  agreement  of  results  with  each  other  and  with  the  former's 
results  by  the  thermodynamic  method.  This  method  has  been  criticized 
by  J.  W.  Capstick,"  and  by  J.  H.  Jeans,''  on  account  of  a  lag  in  the 


236  A.G.WORTHING.  [Vol.  XXXIII. 

adjustment  of  the  intermolecular  and  intramolecular  energies  of  a  gas 
on  the  passage  of  a  sound  wave  through  the  gas.  In  Chapter  XVI.  of  his 
"The  Dynamical  Theory  of  Gases"  he  concluded  that  any  such  lag 
in  adjustment,  provided  that  a  certain  supposition  is  true,  "is  in  every 
way  imperceptible."  The  method  of  Maneuvrier  seemed  free  from  this 
serious  objection.  It  has  been  used.  Practically,  in  Maneuvrier's  method 
the  compressions  are  no  more  reversible  than  those  in  sound  experiments. 
Time,  however,  is  given  in  this  method  for  the  practical  balancing  of 
the  intramolecular  and  the  intermolecular  energies  before  actual  measure- 
ments are  made.  The  apparatus  which  was  constructed  for  this  work 
has  been  so  designed  as  to  make  possible  measurements  according  to  a 
modification  of  Lummer  and  Pringsheim's  method.  However,  time  has 
not  been  found  available  for  the  perfection  of  this  method,  and  conse- 
quently no  measurements  of  that  kind  have  been  made. 

Maneuvrier  Method. — The  method  of  Maneuvrier  is  based  on  a  theorem 
due  to  Reech,''o  which  is  applicable  to  any  substance  whatever.  A  simple 
derivation  of  the  equation  expressing  this  theorem  follows.  Let  AB, 
AC,  AD  and  DB,  Fig.  i,  represent  in  this  instance  respectively  infini- 
tesimal reversible  adiabatic,  isothermal,  isopiestic  and  isometric  changes. 
Consider  the  change  in  internal  energy  which  takes  place  when  a  substance 
is  carried  around  the  cycle  ADBA.     We  have  then 

(36)  {C^A.e  -  pAv)  +  CXM  -  Aid)  +  pAv  =  o. 

The  two  following  relations  are  evident. 

(38)  ^'^Mf!)/- 

There  follows  at  once 

(39)  ^-"'^('D  =-(-) 

Cr,  \dvf^  XSv/q' 

or 

(40)  7  =  1  -('-1      C") 

\dd/^      \dvJg 

By  a  process  very  similar  to  that  involved  in  (8),  (9)  and  (10),  we  get 
(41) 


dd' 

Av. 
Q 


\dvh^  \dvf^^\dpK    \    dvlg' 

The  application  of  (8)  to  an  isopiestic  process  gives 
\ddJp\dpf„         \dplg' 
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^37 


Equations  (40),  (41)  and  (42)  give  at  once 


(43) 


\dvfo   \dpK 


which  is  the  equation  expressing  Reech's  theorem.  In  case  (43)  is  ap- 
pHed  to  finite  changes  in  which  the  changes  in  specific  vohimc  are  small 
and  equal,  we  have  as  a  first  approximation 


(44) 


7  = 


This  is  the  form  which  has  been  used  in  the  present  work. 

It  was  originally  planned,  and  the  apparatus  was  constructed  with 
the  aim  in  view  of  measuring  both  Ap(^  and  Ap0  directly  with  the  ap- 
paratus. This  general  method  was  attempted,  though  no  satisfactory 
results  were  obtained  thereby.  After  repeated  failures  to  get  consistent 
values  of  7,  the  plan  was  modified.  According  to  this  method  ^pq  was 
measured  as  planned;  Ape,  however,  was  computed.  The  methods  of 
obtaining  Ap^  and  Ape  will  be  considered  later. 


Fig.  5. 

Apparatus. — The  apparatus  and  the  method  of  experimentation  may 
be  seen  from  an  inspection  of  Fig.  5  (see  also  Plate  I.)  which  represents 
the  essential  portions  of  the  apparatus  as  finally  connected  and  used. 
In  general  the  arrangements  and  the  materials  have  been  so  chosen  as 
to  withstand  with  safety  pressures  of  100  atmospheres  though  the  actual 
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highest  pressure  attained  in  these  experiments  was  about  57  atmospheres. 
A  represents  the  tube  containing  CO2  under  pressure  which  in  the  experi- 
ments to  be  considered  was  the  source  of  the  gas  and  of  the  pressure. 
B  represents  a  cyHnder  of  about  250  cm.^  capacity  containing  phos- 
phorous pentoxide  sprinkled  through  cotton-wool  for  the  purpose  of 
removing  the  moisture  from  the  gas  passing  through  it.  C  represents 
a  distributing  chamber  of  about  600  cm.^  capacity  which  also  served  as 
a  maintainer  of  the  pressure  in  the  protective  system  to  be  spoken  of 
later.  At  the  stop-cock  ^2,  the  gas  enters  the  system  where  it  is  to  be 
experimented  with.     D  is  a  Bourdon  steam  test-gauge  reading  to  800 

lbs.  wt.,  .     lbs.  wt. 

-.2     by  steps  of  5  — r  y   •  ^  ^^^  ^  ^^^  chambers  01  respectively  150 

cm.'  and  300  cm.'  capacity  connected  with  the  arms  M  and  N  of  the 
differential,  mercurial  manometer.  This  manometer  also  served  as  a 
manoscope.  The  combination  is  the  same  as  that  used  by  Maneuvrier  in 
his  original  work.  The  purposes  of  E  and  F  are  merely  to  give  large  volumes 
to  the  gas  chambers  of  the  manometer  so  that,  in  case  a  small  leak  should 
occur  in  either  of  these  gas  chambers,  the  rate  of  change  of  pressure  in 
it  should  be  negligible.  E  and  F  are  separated  by  a  stop-cock  S5  which 
in  the  final  arrangement  was  not  used.  G  is  the  compression  chamber 
which  contains  the  gas  to  be  compressed  or  rarified.  It  has  a  capacity 
of  about  300  cm.'  and  is  surrounded  by  a  bath  which  contains  a  thermo- 
regulator  and  a  stirer  (not  shown  in  Fig.  5  nor  in  Plate  I.).  The  volume 
of  G  can  be  increased  or  diminished  at  will  by  means  of  the  device  indi- 
cated at  0  which  is  actuated  by  compressed  air.  Chambers  B,  C,  E,  F 
and  G  are  all  japanned  on  the  inner  surfaces  for  the  purpose  of  preservation 
and  chamber  G  for  the  added  purpose  of  surrounding  the  contained  gas 
with  a  poor  conductor  for  heat.  H  is  a  piston  rod  to  which  are  clamped 
two  stops  /  and  /  which  are  separated  by  a  block  of  hard  oak  wood  K. 
The  use  of  different  blocks  of  wood  for  K  permits  of  different  changes  of 
volume  in  chamber  G  due  to  the  thrusting  in  of  the  piston  rod  H.  The 
lower  stop  /  is  firmly  fixed  to  the  rod  H  in  order  that,  when  H  is  in  its 
lowest  position,  the  volume  of  G  is  certain  to  be  very  closely  a  fixed 
amount.  Fi  and  Fo  are  pin  valves,  ^i,  52,  S3,  Si  and  ^5  are  stop-cocks. 
As  already  noted,  S5  was  not  made  use  of  in  the  apparatus  as  finally 
arranged.  The  construction  of  S3  is  shown  in  Fig.  6.  Si,  S-i,  Si  and  ^5 
differ  from  ^3  only  in  having  the  special  device  attached  to  the  pin  of  53 
replaced  by  a  bar  so  that  the  pin  may  be  rotated  by  hand.  The  pin  of 
53  is  rotated  by  a  heavy  weight  W  attached  to  a  heavy  spring  which  in 
turn  is  attached  to  a  slender  rope  made  of  several  strands  of  heavy 
fish-line,  one  end  of  which  is  wound  about  the  wooden  drum  fastened 
to  the  pin  of  53.     The  pin  of  53  is  provided  with  an  arm  L  which  serves 
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as  a  catch.  The  spring  removes  the  sudden  jolt  that  otherwise  would 
be  experienced  on  tlic  sudden  stoppage  of  the  rotation  of  the  pin  of  .S'^. 
The  final  ground  surfaces  of  the  pin  and  stock  were  produced  by  grinding 
them  in  powdered  quartz  and,  sometimes,  in  pumice.  In  Fig.  5  a  small 
tube  is  shown  connecting  C  with  P.  The  pressure  in  C  was  always 
nearly  equal  to  that  in  the  system  EFGMN.  Consequently  this  con- 
nection at  P  together  with  the  packing  about  H  permits  at  the  most,  of 
only  a  slow  leakage  of  gas  into  or  out  of  G  through  the  packing  and  along 
the  surface  of  H.  Similar  tubes  lead  from  C  to  all  the  stop-cocks.  They 
are  connected  to  the  stop-cocks  at  points  which  lead  directly  to  the  grooves 
Q  (Fig.  6).  These  grooves  entirely  surround  the  pin  of  the  stop-cock. 
As  before  the  pressure  in  C  is  distributed  through  the  tube  to  Q  where  it 


Fig.  6. 

prevents  the  leakage  of  gas  from  or  into  the  system  EFGMN.  The 
small  tubing  connecting  the  various  chambers  and  stop-cocks  is  of  copper. 
The  external  and  internal  diameters  are  respectively  .32  cm.  and  .16  cm. 
The  method  of  making  the  unions  of  these  tubes  with  the  other  portions 
of  the  apparatus  is  w-ell  illustrated  in  Fig.  6.  The  external  and  internal 
diameters  of  the  glass  tubing  used  in  the  manometer  are  respectively 
.80  cm.  and  .30  cm.  The  stop-cocks  are  of  brass,  the  chambers  B,  C, 
E,  F  and  G  were  cut  out  of  steel  shafting. 

In  the  method  of  experimentation  pursued  it  was  necessary  to  vary 
and  to  measure  the  time  interval  betw^een  the  compression  of  the  gas 
in  G  (Fig.  5)  and  the  opening  of  the  53.  This  was  brought  about  by 
means  of  the  apparatus  diagrammed  in  Fig.  7.     The  block  of  oak  wood, 
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K  (Fig.  5)  carries  a  projecting  metal  prong  a.  The  thrusting  in  or  out 
of  //  brings  a  in  contact  with  b  and  c.  The  contact  ab  closes  an  electrical 
circuit  through  the  electro-magnet  d,  the  energizing  of  which  releases  a 
pendulum  which  in  its  motion  closes  at  e  an  electrical  circuit  through 
the  electro-magnet  /,  opens  at  g  the  same  circuit,  and  breaks  at  h  by  a 
device  not  indicated,  the  circuit  containing  the  electro-magnet  d.  The 
current  through  the  circuit  closed  at  e  actuates  the  electromagnet  /, 
thus  releasing  the  catch  L  attached  to  the  pin  of  stop-cock  53.  The 
weight  W  causes  the  rotation  of  the  pin  of  53.     The  breaking  of  the 

circuit  at  g  is  followed  by  the  demag- 
netizing of  /,  and  the  catch  L,  after 
a  rotation  of  the  pin  of  180°,  is 
caught  and  the  rotation  of  the  pin 
(/),ic  f(Pf^y^)V  ^^  suddenly  stopped.     In  case  there 

''^  is  contact  at  e  when  the  plunger  H 

is  moved  in,  the  electromagnets  in 
the  circuits  at  d  and  /  are  actuated 
simultaneously.  Thus  by  having  the 
circuit  at  e  initially  closed  or  broken 
tAvo  different  time  intervals  may  be 
had  between  the  compression  of  the 
gas  in  G  and  the  opening  of  the  cock 
Sz.  Other  intervals  may  be  had  by 
var>'ing  W  and  the  position  of  e  on 
the  pendulum  apparatus.  The  con- 
tact ac  permits  a  current  to  flow 
through  the  commutation  device  on 
the  drum  i  of  53  through  the  electro- 
magnet of  a  Hipp's  chronoscope 
(H.C.).  At  j  this  current  is  broken  when  the  stop-cock  S3  is  open,  as 
may  be  seen  by  inspecting  the  diagram  of  the  commutating  device. 
5j  is  diagrammed  in  a  closed  position.  Thus  the  chronoscope  records 
the  time  clasping  between  the  plunging  in  or  out  of  H  (Fig.  5)  and  the 
opening  of  the  stop-cock  S3.  Previous  to  July  28th,  however,  a  slightly 
difftrcnt  method  was  used.  The  inter^-al  measured  was  from  the  plung- 
ing in  or  out  of  //  to  the  closing  of  53. 

Slop-cock  Difficulties. — Originally  it  was  planned  to  use  tallow  as  the 
stop-cock  lubricant,  and  to  have  the  openings  to  Q  and  the  grooves  Q 
of  the  stop-cocks  (Fig.  6)  filled  with  gas  directly  connected  with  that  in 
C.  It  was  soon  very  evident  that  this  plan  must  be  abandoned.  With  this 
arrangement,  pressures  of  a  few  atmospheres  could  be  maintained  for 
an  hour  at  most.     A  great  deal  of  time  was  spent  in  the  search  for  some 
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Stop-cock  fluid  which  should  be  able  to  withstand  the  high  pressures. 
The  fluid  finally  used  was  formed  by  dissolving  approximately  one  part 
of  rubber  in  three  parts  of  hot  pine-tar.  The  solution  was  heated  and 
the  more  volatile  gases  driven  oft'  until  the  desired  consistency  was 
reached.  This  fluid  when  cool  is  very  viscous  and  sticky.  It  was  intro- 
duced in  the  openings  leading  to  Q  and  in  the  grooves  Q.  It  did  quite 
well  and  often  for  several  hours,  no  noticeable  leaks  in  the  apparatus 
could  be  detected.  With  the  very  highest  pressures  the  fluid  was  gradu- 
ally forced  out  between  the  pin  and  the  stock  of  the  stop-cocks.  How- 
ever, there  was  no  leakage  of  gas  to  the  outside,  until  a  complete  passage- 
way to  the  outside  for  the  gas  back  of  the  rubber-tar  solution  had  been 
formed.  As  soon  as  such  a  passage-way  was  formed,  the  desired  gas 
pressure  in  C  was  usually  very  hard  to  maintain  by  the  admission  of  gas 
through  5i  and  it  was  necessary  to  discontinue  the  experiment,  empty 
the  apparatus  and  refill  the  receptacles  wath  the  rubber-tar  solution. 
For  further  work  with  this  apparatus,  considerably  enlarged  receptacles 
for  the  stop-cock  fluid  should  be  provided. 

The  Experimental  Determination  of  ApQ. — In  the  filling  of  the  apparatus 
with  the  gas  to  be  experimented  upon,  it  was  necessary  to  be  sure  that 
the  gas  was  dry  and  that  whatever  air  was  in  the  apparatus  initially 
was  removed  or  nearly  so.  The  moisture  was  removed  by  the  phos- 
phorus pentoxide  in  B  (Fig.  5).  The  phosphorus  pentoxide  was  replaced 
by  a  fresh  supply  several  times.  In  each  instance,  that  furthest  from 
the  entrance  to  chamber  B  was  found  when  removed  to  be  a  dry  powder, 
thus  indicating  that  in  all  cases  the  carbon  dioxide  gas  experimented  on 
was  free  from  moisture.  The  removal  of  the  air  was  accomplished  par- 
tially with  a  hand  pump,  then  carbon  dioxide  was  allowed  to  fill  the 
exhausted  space.  This  mixture  of  air  and  carbon  dioxide  was  then 
pumped  out  and  the  process  repeated  until  it  was  certain  that  not  more 
than  .05  per  cent,  of  the  gas  in  the  apparatus  w^as  of  the  original  air. 
After  the  desired  pressure  throughout  the  apparatus  including  the  pro- 
tective system  had  been  reached  and  had  become  steady  due  to  the 
temperature  having  reached  a  steady  state,  ^3  was  closed.  Then,  de- 
pending on  whether  the  change  in  the  compression  chamber  G  was  to  be 
a  compression  or  a  rarefaction,  the  pressure  in  the  protective  system  and 
in  E  and  M  was  increased  or  decreased  until  the  expected  change  in 
pressure  in  the  compression  chamber  was  equal  to  the  difference  indicated 
by  the  mercury  levels  in  AI  and  N.  Then  54  was  closed.  At  this  stage, 
it  is  to  be  kept  in  mind,  the  pressure  in  the  compression  chamber  G  was 
the  same  as  that  in  Fand  that  at  the  upper  surface  of  the  mercury  in  N; 
and  that  the  pressure  in  E  was  the  same  as  that  in  M.  Now  with  the 
rapid  successive  opening  and  closing  of  the  valves  letting  compressed 
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air  into  and  out  from  0,  the  gas  in  G  was  compressed  or  rarified  due  to  the 
motion  of  the  piston  //,  contact  was  made  at  ah  and  ac  (Fig.  7),  as  ex- 
plained above;  the  pin  of  Si  was  rotated  connecting  for  a  short  space 
of  time  chambers  E  and  G;  and  the  time  interval  between  the  making 
of  the  contact  ac  and  the  opening  of  53  was  recorded  by  the  Hipp's 
chronoscope  H.C.  This  was  very  quickly  followed  by  the  reverse  move- 
ment of  the  piston  H  in  order  that  there  might  be  but  a  very  small 
amount  of  heat  lost  or  gained  by  the  gas  in  the  compression  chamber  as  a 
result  of  the  heating  or  cooling  from  the  previous  direct  motion  of  H. 
In  case  the  pressures  in  G  and  M  were  not  equal  on  the  opening  of  53, 
a  passage  of  gas  must  necessarily  have  taken  place  through  Sy,  and, 
on  the  return  of  //  to  its  initial  position,  54  was  opened.  There  was  a 
readjustment  of  pressure  then  in  G,  F,  and  A'^  and  also  in  E  and  M.  When 
a  steady  state  was  reached,  usually  after  a  minute  or  so,  the  process 
beginning  with  the  closing  of  54  was  repeated.  In  fact  it  was  necessary 
to  repeat  again  and  again  until,  by  the  automatic  transference  of  gas 
through  Sz  from  G  into  E  or  vice  versa,  there  should  occur  for  at  least 
for  two  successive  repetitions  no  transference  of  gas  from  £  to  G  or 
vice  versa.  This  condition  was  determined  by  an  observer  looking 
through  a  cathetometer  telescope  at  the  upper  mercury  surface  in  M 
or  in  iV.  Whenever  in  the  process  described  above  there  occurred  a 
transfer  of  gas  from  G  to  £  or  vice  versa,  there  was  a  shift  in  the  mercury 
level.  When  a  condition  of  balance  obtained,  no  further  shifting  of  the 
mercury  surface  could  be  noted,  in  fact  no  distortion  of  the  surface 
could  be  detected.  With  the  apparatus  in  working  order,  it  usually 
did  not  require  more  than  ten  trials  before  the  balance  was  obtained. 
The  actual  difTercnce  of  pressure  produced  in  the  compression  chamber 
and  existing  after  the  time  inter\'al  shown  by  the  Hipp's  chronoscope, 
was  measured  on  the  differential  manometer  MN  by  means  of  the 
cathetometer.  By  varying  the  initial  conditions  at  the  contact  e  (Fig.  7), 
data  corresponding  to  two  time  intervals  may  be  obtained. 

Now,  if  it  may  be  assumed  here  that  the  change  in  the  change  in  pressure 
due  to  heat  being  conducted  to  or  from  the  gas  in  G  is  a  linear  function  of 
the  time  for  short  intervals  of  time,  we  may  obtain  the  change  in  pressure 
which  would  have  occurred  in  G  if  the  time  interval  had  been  infinitesimal. 
Let  ^p^  and  Ap;  be  changes  in  pressure  and  A/i  and  A/2  be  the  correspond- 
ing intervals  of  time  in  the  above  described  experiment.  Let  A^o  be 
the  change  in  pressure  for  an  infinitesimal  interval.     Then  we  have 
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Apo  is  the  ApQ  of  (44).  Data  from  certain  preliminary  measurements 
obtained  July  25  and  platted  in  Fig.  8,  indicate  that  the  assumption  is 
not  far  from  true.  Near  the  completion  of  the  experimental  work,  other 
attempts  \vere  made  to  test  (45)  more  carefully.  In  each  instance,  certain 
accidental  changes  occurred  which  made  impossible  the  obtaining  of  the 
desired  number  of  diflcrent  in- 
tervals under  conditions  which  ^'* 
would  be  necessary  for  a  rigid 
test.  Even  if  the  assumption 
made  is  not  true,  the  actual 
variation  from  it  could  hardly 
be  such  as  to  cause  any  serious 
error. 

It  is  perhaps  well  to  note  here 
certain  precautions  taken  to  in- 
sure accuracy.  The  pressure 
gauge  was  always  adjusted  so 
that  the  index  was  aligned  with 
some  desired  division  on  the 
dial.  The  face  of  the  gauge  was 
always  tapped  lightly  to  insure 
indicating  parts.      Parallax 


Fig.  8. 
Experimental  test  of  assumption   made  in   (45) 

the    freedom   of    movement  of    the 
was  carefully  eliminated.      A  single  divi- 


sion on  the  dial  corresponded  to 


lbs.  wt. 


A  variation  of  one  twentieth 


of  a  division  was  noticeable.  This  corresponds  to  about  one  sixtieth 
of  an  atmosphere.  Actual  trials  showed  that  any  desired  pressure  could 
be  certainly  obtained  (assuming  the  gauge  to  be  correct)  to  within  1.5 
cm.  of  Hg.  To  prevent  any  errors  due  to  the  sticking  of  the  mercury  in 
the  manometer  tube,  the  glass  tubes  Mand  iV  were  tapped  just  before  and 
just  after  the  compression  or  rarefaction  in  G  was  produced.  To  further 
eliminate  such  troubles,  the  initial  pressure  in  E  for  one  determination  of 
ApQ  for  a  given  p  and  T  was  first  made  too  great  and  for  the  next  deter- 
mination under  the  same  conditions  was  made  too  small,  in  order  that 
in  the  self-adjusting  process  there  would  in  the  first  case  be  a  slight  move- 
ment of  the  mercury  in  N  upwards  and  then  in  the  second  case  down- 
wards. The  two  values  of  ApQ  obtained  thus  were  always  in  very  good 
agreement,  they  always  differed  in  such  a  manner  as  to  indicate  that 
there  was  some  sticking  of  the  mercury  to  the  manometer  tubes.  These 
differences  in  ApQ,  with  a  few  exceptions  relating  to  measurements  espe- 
cially difficult,  did  not  amount  to  more  than  .6  mm.  of  Hg  and  usually 
were  much  less.     The  average  of  two  such  values  for  Ap^^  were  taken  as 
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the  obserN'cd  value.  When  it  is  considered  that  the  actual  values  of 
ApQ  varied  from  5  to  13  cm.  of  Hg,  it  will  be  seen  that  the  uncertainties 
arising  from  this  source  will  generally  be  quite  small.  In  order  to  elimi- 
nate any  errors  in  the  measurement  of  ApQ  due  to  leakage  of  gas  during 
the  measurements  of  the  heights  of  the  mercury  columns  in  M  and  N, 
one  observer  noted  during  this  process  with  the  aid  of  a  traveling  micro- 
scope the  slow  motion,  if  it  existed,  of  the  mercury  in  column  M.  Cor- 
rections to  the  cathetometer  readings  for  such  leakages  were  readily 
made.  In  addition  to  the  ordinary  precautions  for  cathetometer  work, 
double  settings  were  made.  If  the  readings  from  these  double  settings 
were  not  consistent  with  the  difference  noted  on  the  traveling  micrometer, 
further  readings  were  taken. 

In  order  that  a  clear  idea  of  the  method  of  procedure  may  be  obtained, 
certain  of  the  records  for  the  afternoon  of  August  12  are  presented  in 
Table  VIII.,  together  with  certain  explanatory  notes.     C  and  R  indicate 


Table  VIII. 

Sample  note  book  records  showing  experimental  details  for  determination  of  Ap 
Aug.  12,  1910,  P.  M. 
Movement  of  compressing  piston  with  blocks  no.  3  and  no.  4  at  K  (Fig.  4). 

Mean  of  five  determinations  at  the  beginning  1.435  cm. 

Mean  of  five  determinations  at  the  end  1.426    " 

AV.T43O    " 
_  ,.  ,„„  lbs.  wt. 

Gauge   reading:    300 . 

jn.» 
Collected  data: 


Rocm 
Temp. 

T^m?.    '^♦'"'^- 

N  in  cm. 

Af  in  cm. 

M-ATiD 
cm. 

Adjust- 
ment. 

Interval 
in  Sec. 

Remarks. 

26.6" 

SO. 

92.672 

83.395 

9.277 

down 

.095 

? 

.6 

.658 

.412 

.246 

up 

.098 

good 

.6 

.627 

.430 

.197 

down 

.070 

good 

, 

" 

.610 

.470 

.140 

down 

.314 

" 

" 

.630 

.435 

.195 

up 

.310 

" 

R 

82.321 

92.552 

.231 

up 

.090 

" 

" 

.340 

.540 

.200 

down 

.090 

" 

" 

.365 

.516 

.151 

up 

.304 

_rl^ 

,JL^ 

.390 

.515 

.125 

down 

.304 

Note  book  records  from  which  N.  M  and  interval 


en  trip's  of  the  fourth  observation  were 


Chronoscope      Chronoscope      .\"  in 
ReadinK.      |       Interval.  cm. 


OO.S 

32.61 

16.^ 

.60 

322 

159 

.59 

475 

l.r^ 

.59 

632 

I  " 

92.610 
i^t'U  .605 

.591 
.59  j      ■ 
''^1     Corrected  92.610 


83.480 

.480 

83.470 


Traveling 

Microscope 

Reading  in 

cm. 


8.911 
15 
19 
21 
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respectively  a  compression  and  a  rarefaction.  The  A'  and  .U  readings 
are  the  cathetometer  readings  on  the  mercury  meniscuses  in  tubes  N 
and  M  (Fig.  5).  M  '^  N  represents  the  numerical  difference  between 
M  and  .V.  The  adjustments  "up"  and  "down"  indicate  that,  in  the 
self-adjustment  of  the  gas  pressure  preceding  the  equilibrium,  the  motions 
of  the  mercury  surface  in  N  during  a  compression  and  in  M  during  a 
rarefaction  were  "up"  and  "down"  respectively.  The  "interval" 
measured  is  the  time  elapsing  between  the  making  of  the  circuit  at  ac 
(Fig.  7)  and  the  breaking  of  the  circuit  at  j.  It  is  thus  the  interval 
between  the  plunging  in  of  the  piston  //  and  the  opening  of  stop-cock 
53  so  that  chambers  E  and  G  were  in  communication.  Under  remarks  it 
is  noted  that  the  first  observation  was  considered  questionable  when 
taken.  It  does  not  check  up  with  the  other  observations  from  the  stand- 
point of  the  variation  in  Ap^  due  to  up  and  down  adjustments.  It  has 
been  discarded  in  the  further  computational  work.  The  readings  N'  were 
read  on  a  rough  paper  scale  back  of  tube  N  with  the  aid  of  the  cathetom- 
eter telescope,  just  before  the  gas  in  G  was  compressed;  the  readings 
N"  were  taken  in  a  similar  manner  just  after.  The  unit  of  the  chrono- 
scope  readings  was  .002  sec.  The  average  interval  was  therefore  .314 
sec.  The  slight  variations  in  the  individual  intervals  are  partially  to  be 
accounted  for  by  the  fact  that  the  weight  W  (Fig.  5)  was  usually  still 
being  vibrated  up  and  down  somewhat  by  the  spring  above  it  when  a 
new  compression  was  about  to  be  made.  The  method  of  obtaining  the 
corrected  N  and  M  readings  is  evident.  From  the  collected  observations 
given,  there  are  to  be  obtained  as  indicated  above  with  the  aid  of  (45) 
and  on  correcting  M  ~  N  to  0°  C,  data  recorded  in  the  first  six  columns 
of  Table  XIII.  under  the  proper  date.  Nearly  all  such  data  relating  to 
ApQ  represent  values  obtained  in  the  manner  indicated  above,  with  the 
exception  that  usually  only  two  observations,  one  an  "up,"  the  other  a 
"down"  for  the  same  interval  were  taken  either  for  the  rarefaction  or 
for  the  compression.  In  computing  Ap^  by  (45),  the  term  multiplying 
At,  was  assumed  to  be  the  same  as  in  the  other  process  for  which  the 
regular  four  observations  were  taken. 

The  Computatioyis  for  Ape. — Kamerlingh  Onnes-*'  has  given  an  empirical 
equation  of  state  for  CO2  which  is  founded  on  Amagat's  work  and  which 
represents  Amagat's  data  with  a  very-  high  degree  of  accuracy.  The 
equation  is  of  the  form 


B         C  D     ,     E     ,     F 


(46)  \7rp   =  A   +  .  -  -f  ,.     ,,  +  ,.    V4  +  ,,    .6  + 


\u  ^  (x.)=  ^  M*  '  (Xv)«  '  M 


where 


(47)       ^=  r*  ^^^tt'  ^^  = /^"^ 
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;  and  where  ^,  B,  C,  etc.,  are  functions 


A  =  OiT, 

B  =  brT-\-b2  +  bz/r  +  bjr', 

C    =    CiT    -\-   C2    +   CiJT    +    CiJT^, 

F  =■-  /it  +  h  +  Mr  +  Ulr\ 

(46)  was  used  in  this  work.  It  was  found  that  in  no  case  were  there 
appreciable  errors  introduced  in  the  present  work  by  neglecting  the 
terms  containing  D,  E  and  F.     Table  IX.  gives  the  necessary  constants. 

Table  IX. 

Constants  for  (47). 


Subscript.                           1 

»                                     3 

4 

\Q*a                           36.62 
10«i                          173.6 

lo:.                               66.2 

-321.3 
-  47.6 

-.241.5 
111.2 

-82.4 
103.6 

In  the  computations  connected  with  the  present  work  the  values  of  v 

,  ,        ,  .     N.  V.  units  . 

were  expressed  for  the  most  part  m , —  in  order  to  check  the 

gr.  mol. 

computations  based  on  K.  Onnes's  equation  with  the  experimental  data 

of  Amagat."     In  determining  Ap,  the  following  expansion  was  used 


(49)  A/>, 


-CI- 


I  + 


\dvJg  \dvf. 


Substitutions  in  (49)  by  means  of  (46),  (47)  and  (48)  give,  neglecting 
terms  with  Av/v  to  the  fourth  and  higher  powers, 


(50) 
where 

(5U 


lcip\    Avf  Av        /Av\'-1 

^^^MaJ,.  l^-^  +(  J  J^- 

A  p^v  '^         A^         p2  ip-  ' 


in  which  a  is  the  ratio  of  the  two  specific  volume  units,  i  .00706.  The  term 
of  (50)  containing  ^  is  of  the  second  order,  consequently  it  is  sufficient 
to  have  ^  approximately.     Table  X.  gives  such  values  to  the  nearest 
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Table  X. 

Values  of  P  for  equation  (SO). 


p 

in  Atmos 

7.78 

^-^ 

«.53 

a8.5a 

35.5a 

4a.34 

49.36 

57.0 

o=c. 

.,. 

.88 

.78 

.66 

30 

.96 

.92 

.87 

.81 

.74 

.66 

.55 

.39 

50 

.97 

.94 

.90 

.86 

.82 

.77 

.71 

.63 

100 

.98 

.96 

.95 

.93 

.91 

.89 

.87 

.84 

hundredth.  Column  7,  Table  XI.  contains  the  results  of  such  computa- 
tions for  A/?9. 

Calibrations  and  Miscellaneous  Notes. — It  should  be  noted  here  that 
various  parts  of  the  apparatus  were  carefully  calibrated  and  measured. 
The  differential  surface  tension  effects  in  the  manometer  were  always 
negligible.  The  changes  in  the  density  of  the  mercury  due  to  the  var>'ing 
pressure  were  also  found  negligible.  It  was  always  to  be  noted  on  re- 
leasing the  pressure  in  the  apparatus  that  some  CO2  had  been  dissolved 
in  the  mercury.  The  amount  was  small,  and,  considering  the  limited 
amount  of  time  at  the  writers'  disposal,  it  never  seemed  sufficient  to 
warrant  an  investigation.  The  possible  effect  of  the  dissolved  CO2  on 
the  density  of  the  mercury  has  been  ignored.     The  pressure  gauge  was  a 

lbs.  wt.  ,  f  11         f. 

Bowden  steam  test  gauge  of  800  — r— ^  range.  It  was  carefully  cali- 
brated. In  determining  the  pressure  of  the  gas  in  the  apparatus  account 
was  taken  of  the  barometric  pressure.  Throughout  the  time  of  experi- 
mentation this  was  .97  atmo.  The  thermometers  were  compared  with 
standard  thermometers.  The  volume  of  the  compression  chamber  was 
obtained  by  finding  the  weight  of  the  water  necessary  to  fill  it.     The 


Table  XI. 

Data  for  and  results  on  y  for  COj.     Preliminary  Resi 


Date. 

Temp. 

of 
Bath. 

/in 
Atmos. 

Cbanee. 

Piston 

Motion  in 

cm. 

A>„  in  cm. 
ol  Hg. 

A/jin 
cm.  of 

He. 

V 

1 
(corr.) 

y' 

Purity 
of  CO, 
ini. 

July  22 

29.4 

14.72 

c 

3.004 

13.10 

9.77 

1.342  '  1.340 

99.2 

25 

32.7 

7.78 

c 

3.004 

7.04 

5.37 

1.310  1  1.311 

99.6 

27 

32.4 

14.72 

c 

3.004 

13.24 

9.79 

1.352  1  1.350 

30 

32.2 

28.52 

c 

1.422 

12.09 

8.04 

1.503  '  1.508 

Aug.    1 

31.0 

7.78 

c 

1.422 

3.348 

2.529 

1.324'  1.325 

3 

31.4 

7.78 

c 

1.422 

3.337 

2.528 

1.320    1.320 

4 

31.8 

7.78 

R 

1.422 

3.326 

2.507 

1.326  1  1.327 

5 

31.7 

7.78 

C 

2.122 

4.94 

3.48 

1.306  1  1.306 

5 

31.4 

7.78 

C 

2.122 

4.97 

3.78 

1.314  1  1.315  1 
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Table  XI. — Continued. 


D 

ala  for  an 

d  results  on  7  for  CO2 

.     Final  Results. 

Date. 

Bath 

•     /In 
Atmoi 

7.78 

1  Change 

Piston 
•    Motion  ii 
cm. 

V,?  in  cm 
otHg. 

1        7.09 

Vein 

cm.  of        7 

(corr. 

I  >■ 

Purity 
of  CO2 

8 

'  31.3 

c 

3.004 

5.37 

1.320 

1.320 

1.268 

9 

30.8 

7.78 

R 

3.004 

1        7.01 

5.32 

1.317 

1.317 

69 

31.5 

14.72 

R 

3.004 

j     13.20 

9.71 

1.359 

1.360 

63 

32.2 

14.72 

R 

1.422 

6.18 

4.60      1.344 

1.346 

50 

31.7 

14.72 

c 

1.422 

6.23 

4.61 

1.352 

1.353 

51 

99.6 

10 

31.2 

28.52 

c 

1.428 

12.05 

8.09 

1.488 

1.489 

50 

31.8 

28.52 

R 

1.428 

12.14 

8.06 

1.505 

1.509 

63 

11 

31.3 

21.52 

R 

1.407 

9.06 

6.32 

1.432 

1.433 

63 

99.6 

31.2 

21.52 

c 

1.407 

1      9.09 

6.34 

1.434 

1.434 

62 

12 

.  49.8 

7.78 

c 

2.994 

6.99 

5.39 

1.296 

1.296 

54 

!  49.9 

7.78 

R 

2.994 

7.04 

5.34 

1.316 

1.316 

51 

49.9 

14.72 

R 

2.994 

13.11 

9.91 

1.335 

1.335 

60 

1  49.9 

14.72 

C 

2.994 

13.29 

9.89 

1.345 

1.345 

62 

50.0 

21.52 

C 

1.430 

9.19 

6.63 

1.386 

1.386 

57 

50.0     21.52 

R 

1.430 

9.20 

6.61 

1.391 

1.391 

65 

13 

50.0  !  28.52 

C 

1.421 

12.15 

8.39 

1.448 

1.448 

61 

50.1   1  28.52 

R 

1.421 

12.10 

8.37 

1.447 

1.447 

64 

50.2 

34.52 

R 

.768 

8.20 

5.38 

1.524 

1.525 

69 

!  50.2 

34.52 

C 

.768 

8.16 

5.39 

1.515 

1.516 

62 

15     98.4 

7.78 

c 

3.020 

6.93 

5.52 

1.256 

1.256 

35 

98.4 

7.78 

R 

3.020 

6.91 

5.47 

1.264 

1.264 

47 

98.5 

14.72 

C 

1.436 

6.17 

4.86 

1.269 

1.269 

27 

98.4 

14.72 

R 

1.436 

6.17 

4.84 

1.275 

1.275 

34 

99.5 

16 

98.5 

28.52 

C 

1.438 

12.06 

9.07 

1.329 

1.329 

36 

98.5 

28.52 

R 

1.438 

11.99 

9.04 

1.326 

1.326 

36 

98.6 

41.34 

R 

1.775 

9.83     j 

6.96 

1.412 

1.413 

66 

98.6 

41.34 

C 

1.775 

9.77 

6.97 

1.401 

1.402 

55 

99.3 

1"       y).i  1 

28.52 

C 

.786 

6.49     1 

3.83 

1.694 

1.694 

48 

U.J 

28.52 

C 

1.425 

11.91     1 

6.95 

1.710 

1.710 

34 

18 

0.2 

28.52 

R 

1.425 

11.81     1 

6.94 

1.702 

1.702 

32 

0.2 

21.52 

C 

1.424 

8.97 

5.07 

1.528 

1.528 

32 

22 

30.9 

41.34 

C 

.786 

9.93 

5.61 

1.771 

1.770 

59 

0.2 

7.78 

C 

2.120 

4.95 

3.70 

1.338 

1.338 

58 

23 

24 
25 

0.2 
98.6 
98.6 
98.6 
31.6 
30.7 
31.1 

7.78 
34.52 
34.52 
48.36 

7.78 
57.0 

7.78 

R 
C 
R 

c 

C 
C 

c 

2.120 
.805 
.805 
.809 

4.388 
.798 

3.038 

4.95 
8.24 
8.27 
11.78 
10.31 
13.78 
7.12 

3.67 
6.19 
6.18 
8.28 
7.88 
5.85 
5.43 

1.346 

1.331 

1.339 

1.423 

1.309 

2.36 

1.310 

1.346 

1.332 

1.340 

1.425 

1.309 

2.35 

1.310 

68 
14 
24 
50 
57 
82 
58 

7  (corr.) 

ndicatp 

q  valii»o 

/^f  -M ,. 

i/^xaiiucs  u  ,  31-,  50-  and  98.5°  C. 

volume  of  the  chamber  and  its  accessories  is  310.0  cm'.  Tl,e  average  of  20 
mcasuremen.s  of  the  diameter  of  the  compressing  piston  gave  ,.1098  m 
utZlltrKOH:^"'^^"""  ^y  Ringing  a. „ow„  ,ua„L.  of 
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The  time  required  for  the  thrusting  in  of  the  plunger  //  (Fig.  5)  is  a 
matter  of  some  interest.  If  the  thrusting  in  of  the  plunger  and  the 
reaching  of  a  steady  state  by  the  gas  could  possibly  occur  in  an  extremely 
short  interval  such  as  .001  sec,  one  would  need  to  give  special  considera- 
tion to  the  extremely  high  temperature  gradient  which  would  be  estab- 
lished at  the  boundaries  of  the  vessel.  If,  however,  each  of  the  two 
processes  should  take  an  appreciable  time,  no  very  high  temperature 
gradient  is  to  be  expected  at  any  instant.  The  time  of  inthrust  of  the 
plunger  H  was  determined  by  taking  the  difference  between  two  selected 
interv'als.  The  first  interval  was  from  the  starting  of  the  plunger  H  to 
the  opening  of  stop-cock  ^3,  the  interval  being  recorded  in  the  manner 
described  above  by  the  chronoscope.  The  second  interval  differed  from 
the  first  in  that  the  contact  beginning  the  interval  was  made  near  the 
end  of  the  inthrust  instead  of  at  the  beginning.  The  average  of  several 
such  determinations  showed  that  the  time  for  the  maximum  inthrust 
was  about  .06  sec.  In  the  measurements  made  this  interval  of  inthrust 
was  always  included.  Of  course,  for  the  smaller  inthrusts,  this  interval 
was  smaller. 

Data  and  Results. — The  data  taken  and  the  values  of  7  obtained  are 
shown  in  Table  XI.  The  values  given  may  in  a  few  cases  differ  by 
.001  from  the  quotient  of  ApQ  by  Apg  because  of  the  manner  in  which  the 
former  were  obtained.  The  corrections  for  obtaining  7  (corr.)  for  the 
four  standard  temperatures  were  obtained  from  an  initial  rough  plat. 
The  computed  values  of  7  for  these  four  standard  temperatures  have 
been  platted  in  Fig.  9  as  a  function  of  the  pressure.  With  a  few  excep- 
tions, each  platted  point  represents  the  mean  of  two  determinations  of  7, 
one  from  a  compression,  the  other  from  a  rarefaction.  Two  pairs  of 
such  values  have  been  included  in  the  point  for  the  gas  at  31°  C.  and  a 
pressure  of  7.78  atmospheres.  The  higher  values  were  obtained  early 
in  the  work.  The  lower  values  were  obtained  near  the  end.  Sometime 
between  August  18  and  August  23,  the  date  unfortunately  not  being 
recorded,  the  rubber  washer  between  the  compression  chamber  and  its 
lid  was  replaced  by  a  new  one,  which  was  noticeably  thicker  than  the 
one  removed.  The  importance  of  the  consequent  change  in  the  volume 
of  the  compression  chamber  was  not  appreciated  fully  at  the  time  or 
accurate  measurements  would  have  been  taken.  Account  has  not  been 
taken  of  this  change  in  the  computations.  However,  if  account  should 
be  taken  of  this  change  of  volume,  the  separately  determined  values 
would  more  nearly  coincide.  The  same  is  to  be  said  regarding  the  values 
for  7  at  98.5°  C.  for  pressures  of  35.52  atmospheres  and  49.36  atmospheres. 
In  this  instance  the  values  of  7  taking  account  of  the  volume  change 
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would  also  be  raised  so  that  tlie  variations  of  the  platted  7  for  this 
temperature  would  be  less  noticeable.  The  same  possibility  applies  to 
7  for  0.2°  C.  at  7.78  atmospheres.  It  is  to  be  noted  that  the  preliminary 
values  of  7,  though  not  platted,  agree  very  well  wdth  the  final  results. 

Result  of  Maneuvrier  and  Results  Based  on  C„  hy  Joly. — There  is  platted 
for  comparison  purposes  the  value  of  1.298  determined  by  Maneuvrier,^^ 
the  originator  of  this  method,  for  CO2  at  atmospheric  pressure  and  10°  C. 
Values  of  7  for  CO2  at  atmospheric  pressure  have  been  rather  discordant. 
Generally,  however,  such  values  approximate  the  results  obtained  here, 


^0 

Fig.  9. 

Variation  of  7  in  CO2  with  pressure  and  temperature. 
Results  based  on  determinations 

of  Cr  by  Joly    

of  A/»„  by  Worthing 

of  Maneuvrier 


tluHi.t;h  the  v.irialion  with  temperature  has  been  found  to  be  less  notice- 
able than  what  the  writer  has  obtained.  There  are  also  platted  values 
of  7  which  are  based  on  determinations  of  C„  by  Joly.  The  method  of 
computing  was  that  used  by  Amagat.^'  Values  of  C„  and  p,  v,  6  relations 
from  the  experimental  data  of  Amagat  were  combined  according  to  (13) 
Tins  has  been  done  by  Amagat.  The  writer  has  not  been  able  to  verify 
fully  the  computations  of  Amagat  and  has  here  incorporated  results  from 
his  own  computations.     The  writer  in  determining  (dp/dd),  and  (dv/dd). 
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has  used  a  graphical  method.  The  values  determined  represent  true 
values  for  the  temperatures  and  pressures  indicated.  The  values  of  C, 
for  pressures  of  80  and  90  atmospheres  at  50°  C.  have  been  taken  from 
Amagat's  extrapolation.  The  values  for  C  at  100°  C.  result  directly 
from  equations  given  by  Joly  for  CO2  at  densities  .1240  gr./cm.^  and 
.1800  gr./cm.^  Table  XII.  includes  these  data  and  results.  The  gen- 
eral agreement  is  quite  satisfying. 

Table  XII. 

Data  for  and  results  or.  y  for  CO,  based  on  Cr  determinations  by  Joly  and  p.  v.  0  determinations 

by  Amagal. 


7 

/ 

C, 

-dx 

-m, 

2020 

.32^) 

-, 

SOX. 

50 

.1920 

.031310 

1.710 

60 

.2015 

1280 

2850 

.386 

1.915 

70 

.2108 

1345 

3670 

.474 

2.245 

80 

.2303 

1530 

4560 

.644 

2.83 

90 

.2585 

1800 

5500 

.945 

3.73 

100 

71.3 

.1902 

0870 

3690 

.318 

1.670 

87.8 

.2056 

0805 

5590 

.,>72 

1.810 

p  is  expressed  in  atmospheres,  Cp  and  C- 


cal. 

77  TT"'    and 

gr.  X  deg. 


N.y^  units 
gr.  mol. 


y'  of  Equation  pi^  =  constant.— In  the  column  (Table  XI.)  headed 
7'  are  included  values  which  are  derived  on  the  assumption  that  for  the 
processes  of  compression  and  rarefaction  considered,  there  holds  the 
following  relation : 

(5^)  pv'^'  =  constant. 

The  approximate  constancy  of  7'  for  a  given  temperature  is  remarkable 
and  is  worthy  of  further  experimental  consideration.  A  7',  of  course,  is 
not  to  be  interpreted  as  a  ratio  of  the  two  heat  capacities  except  perhaps 
for  the  gas  under  zero  pressure  at  the  same  temperature,  or  as  described 
by  the  same  adiabat,  or  under  some  other  similar  conditions.  Differen- 
tiation of  (52)  and  the  application  of  (43)  give 


(53) 
Whence 

(54) 

or  according  to  Bakker^" 

7^—  7'  pi  dv  \ 

y~  ^  ~  V  \df)}   ~  ^  ""  departure  of  gas  from  Boyle's  law. 


V  \dpl; 


(55) 
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Extrapolation  to  zero  presssure,  making  use  of  these  values  of  7',  would 
seem  to  indicate  that  the  platted  curves  of  7  (Fig.  9),  on  being  extra- 
polated back  to  zero  pressure,  had  been  extrapolated  to  too  high  values 
of  7.  Not  a  great  deal  of  dependence  may  be  placed  on  this,  however, 
until  more  is  known  about  the  function  7'. 

Conclusions  regarding  7  and  y'. — The  plats  and  tables  show  for  CO2 
for  the  region  considered: 

1 .  The  ratio  of  the  two  heat  capacities  7  for  a  given  pressure  decreases 
with  an  increase  of  temperature. 

2.  7  for  a  given  temperature  increases  with  pressure. 

3.  The  curve  for  7  at  30°  C.  is  such  as  to  be  consistent  with  the  theo- 
retical infinite  value  of  7  at  the  critical  point. 

4.  The  agreement  of  the  values  based  on  ApQ  data  with  those  based  on 
Cv  data  by  Joly  is  very  good. 

5.  The  results  at  atmospheric  pressure  are  in  fair  agreement  with  the 
results  of  others. 

6.  7',  where  pv^'  =  constant  applies  to  reversible  adiabatic  changes, 
is  appro.ximately  constant. 


Fig.  10. 

Variation  of  Cp  and  C.  of  COj  with  pressure  and  temperature. 
Rp3ult3  based  on  determinations 

of  Cr  by  Joly 

of  y  by  Worthing 
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V.  Determination  of  C„  and  Cp  for  COo. 
Determinations  from  the  Present  Work. — Equation  (13)  gives  at  once 


(56) 


(t  -  i)C  =  d 


\  dd  l,\ddfp 


This  enables  one  to  determine  C„  and  hence  Cp  by  means  of  the  data 
already  obtained.  The  method  of  computation  is  evident.  The  trans- 
formation factor  used  in  this  work  in  the  changing  of  the  units  of  C 
and  Cp  to  the  ordinary  units  is  expressed  in  (57). 

atmos.  X  N.  V.  unit 


(57) 


cal. 


gr.  mol.  X  deg. 


[2.24 


gr.  X  deg. 

Values  of  Cv  and  Cp  are  to  be  found  in  Table  XIII.  Values  of 
(dp/dd)v,  {dv/de)p  and  e{dpl dd),{dvldd)p^re  included  in  the  hope  that  they 
ma}' save  some  one  othenvise  extended  computations.     In  Fig.  10  C',  and 

Table  XIII. 

Data  for  and  results  on  Cp  and  Cv  of  COi. 


T 

P 

7 

-(S). 

-<%x 

-[•©Jl] 

Cv 

Cp 

0 

7.78 

1.342 

2.5130 

4.7359 

3.6852 

.173 

.233 

14.72 

1.418 

.8459 

.5156 

.8856 

.184 

.261 

21.52 

1.528 

T.0707 

.4206 

.9276 

.196 

.299 

28.52 

1.702 

.2630 

.3796 

2.0789 

.209 

.356 

30 

7.78 

1.314 

2.4501 

.7169 

3.6486 

.174 

.230 

14.72 

1.360 

.7652 

.4770 

.7238 

.180 

.245 

21.52 

1.420 

.9680 

.3545 

.8041 

.186 

.265 

28.52 

1.509 

T.1315 

.2778 

.8909 

.187 

.282 

35.52 

1.621 

.2727 

.2362 

.9905 

.193 

.311 

42.34 

1.779 

.3978 

.2203 

2.0997 

.198 

.353 

49.36 

2.01 

.5200 

.2271 

.2287 

.205 

.412 

57.0 

2.37 

.6540 

.2602 

.3958 

.223 

.528 

50 

7.78 

1.304 

2.4143 

.7092 

3.6328 

.173 

.226 

14.72 

1.340 

.7208 

.4620 

.6921 

.177 

.237 

21.52 

1.386 

.9159 

.3291 

.7543 

.180 

.249 

28.52 

1.447 

5.0709 

.2414 

.8216 

.182 

.263 

35.52 

1.521 

.1997 

.1826 

.8916 

.187 

.284 

42.34 

1.603 

.3100 

.1441 

.7964 

.187 

.300 

100 

7.78 

1.260 

2.3401 

.6966 

.6085 

.191 

.241 

14.72 

1.272 

.6359 

.4376 

.6453 

.199 

.253 

21.52 

1.291 

.8188 

.2920 

.6826 

.202 

.261 

28.52 

1.319 

.9602 

.1887 

.7207 

.202 

.266 

35.52 

1.353 

1.0750 

.1127 

.7595 

.199 

.269 

42.34 

1.392 

.1690 

.."1 

.70f)8 

.196 

.273 

49.36 

1.44 

.2561 

.S.^'iS 

.191 

.275 

P  is  expressed  in  atmopsheres,  v  in 


atmos.  X  N.  V-  units 
gr.  mol. 


and  Ct  and  Cp  in 


calories 

gr.  X  degree 
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Cj,  are  platted  as  functions  of  p.     Values  based  on  Joly's  measurements 
(Table  XII.)  are  included. 

Cp  Agreement  unth  the  Results  of  Others.— Wery  little  agreement  is  to 
be  found  between  the  values  of  Cp  here  computed  and  the  values  of  Cp 
obtained  from  a  plat  of  Lussana's'^  results.  The  values  of  Cp  for  a 
pressure  of  one  atmosphere  as  determined  by  the  direct  experiments  of 
Holborn  and  Austin"  and  by  those  of  Swann^^  and  as  computed  here 
arc  included  in  Table  XIV.     Excepting  for  the  ioo°  C.  value,  the  com- 


Table  XIV. 

Values  of  Cp  for  COj  at  atmospheric  pressure  expressed  in 


cal. 


gr.  >x  deg. 


/ 

Holborn  &  Austin 

Swann. 

Worthing. 

0 

.203 

.202 

20 

.202 

30 

.207 

.208 

50 

.210 

.212 

K  i(  1 

.216 

.221 

.228 

puted  results  agree  very  well  with  the  results  of  Holborn  and  Austin. 
At  ioo°  C.  the  agreement  is  not  good,  though  a  better  agreement  is  to 
be  found  with  Swann's  value  for  this  temperature. 

Causes  for  Possible  Experimental  Error. — Realizing  early  that  the 
values  for  y  at  ioo°  C.  were  slightly  lower  than  was  expected,  special 
care  was  taken  with  the  measurements.  It  is  also,  of  course,  an  open 
question  whether  or  not  Kammerlingh  Onnes's  equation,  which  here 
bridges  an  experimental  gap  from  i  to  50  atmospheres  and  which  here 
reaches  its  upper  temperature  limit  of  application,  correctly  represents 
the  interrelations  of  p,  v  and  6  for  this  region.  The  writer  can  not  see 
how  any  experimental  error  in  his  work  might  produce  this  discrepancy. 
The  supposition  that  the  gas  in  the  compression  chamber  has  not  all 
reached  the  temperature  of  the  bath  would  lead  to  a  discrepancy  in  the 
opposite  direction,  as  would  also  the  fact  that  a  small  amount  of  the  gas, 
that  in  a  portion  of  the  connecting  tubes,  is  at  a  considerably  lower 
temr>erature  than  the  bath.  The  possibility  of  local  cooling  next  to  the 
plunger  during  a  compression  might  be  thought  to  explain  a  part  of 
the  discrepancy.  But  that  this  is  of  small  consequence  is  indicated  by 
the  good  agreement  obtained  for  7  by  the  rarefaction  and  by  the  com- 
pression measurements  (Table  XL).  Moreover,  any  such  experimental 
error  would  be  effective  at  the  higher  pressures,  tending  to  produce  too 
high  values  for  C,  as  well  as  Cp,  an  effect  which  is  not  in  evidence  in 
comparing  the  present  results  with  Joly's  (Figs.  9  and  lo). 
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Cv  Comparison  with  Joly's  Results. — The  attempt  to  compare  the  re- 
sults on  Cv  computed  above  with  the  direct  experimental  values  of  Joly^^ 
has  not  been  as  thorough  as  might  be  wished  due  to  insufficient  data. 
Joly  concluded  that  the  variations  of  Cv  with  temperature  were  very 
small  for  densities  less  than  .08  gr./cm.^  for  the  temperature  interval 
0°  C.  to  100°  C.  The  fact  that  his  data  do  not  strictly  bear  out  his  con- 
clusion was  ascribed  to  the  observational  inaccuracies  entering  in  his 
work  at  the  lower  densities.  This  conclusion  was  accepted  in  the  forming 
of  Table  VI.  If  it  is  fully  accepted,  very  little  agreement  is  to  be  found 
between  the  writer's  values  of  Cv  and  those  of  Joly's.  Moreover,  it  is 
not  compatible  with  the  results  of  Holborn  and  Austin  and  of  Swann  on 
Cp  at  one  atmosphere  and  the  ordinarily  accepted  variations  of  7  with 
the  temperature  for  the  same  pressure.  These  would  require  that  at 
atmospheric  pressure  Cv  should  increase  noticeably  with  temperature,  a 
variation  just  the  opposite  of  that  found  by  Joly  for  the  higher  pressures. 
The  writer  has  assumed  that  the  apparent  disappearance  of  a  temperature 
effect  with  decreasing  densities  in  Joly's  results  might  have  been  a  dis- 
appearance preparatory  to  a  reversal  of  the  temperature  effect,  and  has 
computed  from  Joly's  individual  results  what  the  values  of  C„  would  be 
for  certain  densities  and  temperatures  if  the  results  were  correct.  In 
doing  this  Joly's  equation  for  C„  at  a  density  of  .124  gr./cm.-^  has  been 
used.  For  the  densities  .0800  gr./cm.^  and  .0456  gr./cm.^  values  of  C„  were 
obtained  by  the  deriving  of  an  equation  holding  over  a  portion  of  the 
temperature  range  in  a  manner  similar  to  that  used  by  Joly.  Other 
values  of  C»  were  obtained  by  a  quadrature  method  based  on  the  general 
principle  that 

(58)  a  =  ^^y[c(ioo-r)]^, 

where  Cv  is  the  mean  value  of  Cv  between  T  and  100°  C.  These  results 
with  corresponding  values  obtained  from  the  writer's  work  are  included 
in  Table  XV.     The  table  indicates  a  fair  agreement  between  the  results 


Table  XV. 

Corresponding  values  of  Cv  as  determined  by  Joly  and  by  Worthing. 


T 

P 

Cv 

(Joly.) 

(W.) 

P 

UolV.) 

Cv 

(W.) 

P 

Cv 

aoly.) 

Cv 
(W.) 

0» 

19.4 

.194 

.193 

30 

22.6 

.178 

.186 

36.0 

.189 

.193 

49.0 

.208 

.205 

50 

24.6 

.170 

.181 

40.0 

.185 

.186 

100 

29.5 

.206 

.202 

49.0 

.200 

.192 

cal. 

*  is  expressed  in  atmospheres,  C  in  —  ^ ;  - — • , 
gr.  X  deg. 


256 


.4.  G.  WORTHING.  [Vol.  XXXIII. 


of  Joly  thus  interpreted  and  the  writer's.     As  suggested  above,  insufficient 
data  may  account  for  a  part  of  the  actual  variations. 

Conclusions  Regarding  Cv  and  Cp. — For  the  region  considered  in  CO2, 
the  following  conclusions  may  be  drawn: 

1.  The  isometric  heat  capacity  of  CO2,  Cv,  at  low  pressures  increases 
with  increasing  temperature.  The  reverse  is  true  for  sufficiently  high 
pressures. 

2.  For  a  given  temperature  Cv  generally  increases  with  increasing 
pressure.     The  reverse  is  true  for  a  certain  pressure  interval  at  100°  C. 

3.  There  is  a  good  agreement  between  the  results  on  Cv  obtained  by 
the  writer  and  those  obtained  by  Joly. 

4.  The  isopiestic  heat  capacity  Cp  at  low  pressures  increases  with 
increasing  temperature.  The  reverse  is  true  for  sufficiently  high  pres- 
sures. 

5.  For  a  gi\-en  temperature  Cp  increases  with  increasing  pressure. 

6.  The  variation  of  Cp  at  30°  C.  is  such  as  to  be  consistent  with  a 
theoretically  infinite  value  at  the  critical  point. 

7.  At  atmospheric  pressure  the  computed  values  of  Cp  agree  well  with 
the  experimental  values  of  Holborn  and  Austin  and  of  Swann. 

8.  At  high  pressures  the  values  found  using  the  writer's  experimental 
results  are  such  as  to  be  consistent  with  results  based  on  Joly's  data  on  Cv 

9.  Very  little  agreement  has  been  found  between  the  writer's  results 
anrl  Lussana's  results. 

\  I.  Tin-.  FkI'K-Expaxsion  and  Joule-Kelvin  Effects  in  CO2. 
Results. — The  methods  of  computation  were  those  detailed  in  con- 
nection with  the  free-expansion  and  Joule-Kelvin  effects  in  air.  The 
results  are  to  be  found  in  Table  XVI.  Results  for  pressures  of  50 
atmospheres  and  higher  for  50°  C.  and  100°  C.  have  been  determined 
by  taking  the  results  of  Joly  on  Cv,  the  individual  values  being  taken 
from  the  curves  of  Fig.  10.  A  value  for  both  n  and  77  at  the  critical  point 
ip  =  72.9  atmos.,  e  =  304-5°  K.)  has  been  obtained  by  Keesom^^  by 
measuring  the  dp/dd  of  the  vapor  tension  curve  of  CO2  at  that  point. 
Theoretically  at  the  critical  point  of  a  substance  there  exists  but  a  single 
value  for  dp/dd.  This  follows  at  once  from  (8),  since  at  this  point 
{dpldv)t  =  o.     Consequently  we  have 

where  the  subscrii)l  r  indicates  the  critical  point  values.     These  values 
of  M  and  77  are  included  in  Table  XVI.     The  results  as  functions  of  the 
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Table  XVI. 

Data  for  and  results  on  n  and  v  for  COj.     Results  based  on  K.  Onnes's  equation  and  on  y  data 

by  Worthing. 


Tin  °C. 

/  in 
Atmos. 

in  °K. 

in  Atmos. 

H  in 
deg./atmo. 

r;  in 
deg./atmo. 

0 

7.78 

48.8 

1.12 

1.398 

1.266 

.144 

14.72 

87.9 

4.44 

1.333 

1.259 

.302 

21.52 

125.9 

10.62 

1.334 

1.262 

.494 

28.52 

161.3 

21.52 

1.329 

1.265 

.750 

30 

7.78 

38.3 

.76 

1.084 

.979 

.098 

14.72 

69.5 

2.93 

1.051 

.978 

.199 

21.52 

99.7 

6.64 

1.063 

.989 

.309 

28.52 

128.3 

12.51 

1.054 

.993 

.440 

35.52 

157.0 

21.28 

1.059 

1.008 

.600 

42.34 

183.6 

33.42 

1.061 

1.023 

.790 

49.36 

209.4 

51.04 

1.048 

1.023 

1.035 

57.0 

235.2 

79.67 

.995 

.985 

1.40 

50 

7.78 

33.3 

.61 

.926 

.833 

.078 

14.72 

60.3 

2.27 

.901 

.827 

.154 

21.52 

86.5 

5.10 

.905 

.836 

.237 

28.52 

112.4 

9.52 

.912 

.854 

.334 

35.52 

136.5 

15.65 

.914 

.868 

.440 

42.34 

158.8 

23.62 

.905 

.870 

.560 

100 

7.78 

24.3 

.38 

.618 

.557 

.049 

14.72 

44.3 

1.41 

.587 

.537 

.096 

21.52 

63.9 

3.06 

.586 

.530 

.142 

28.52 

82.5 

5.52 

.586 

.539 

.194 

35.52 

100.4 

8.82 

.591 

.553 

.249 

42.34 

116.7 

12.84 

.596 

.565 

.304 

49.36 

133.1 

17.96 

.604 

.583 

.364 

Results  Based  on  Cb  Data  byjoly  and/,  ?',  6  Data  by  Amagat. 


50 

50 

183 

35.6 

.895 

.713 

60 

212 

58.0 

.860 

.>n5u 

.980 

70 

240 

89.8 

.835 

.835 

1.28 

80 

265 

145.5 

.765 

.780 

1.82 

90 

286 

230.0 

.655 

.670 

2.62 

100 

71.3 

190 

48.4 

.635 

.660 

.68 

87.8 

221 

80.2 

.585 

.615 

.92 

Results  Based  on  <///</«  at  Critical  Point  by  Keesom. 


31 


72.9       I       304 


416. 


.622 


.622 


I       5.71 


closely  to  the  drawn  curves.  The  variations  here  are  such  as  would 
indicate  that  for  good  agreement  of  the  results  among  themselves,  the 
values  of  7  for  the  lower  pressures  should  be  somewhat  less  than  they 
have  been  indicated  to  be.  This  is  in  exact  conformity  with  the  indica- 
tions derived  above  in  considering  7'  of  (49).     However,  the  smallness 


258 


A.  G.  WORTHING. 


[Vol.  XXXIII. 


pressure  and  the  temperature  are  platted  in  Fig.  ii.  Excepting  for  the 
values  at  zero  pressure  and  at  778  atmospheres,  the  points  lie  very 
of  the  terms  6  -  v{de;dv)j,  and  e{dp/dd).  -  p  for  low  pressures  might 
well  account  for  the  variations  in  ju  and  7?  in  such  cases. 
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Fig.  11. 

Variation  of  the  free-expansion  (i?)  and  the  Joule-Kelvin  (m)  effects  in  CO2  with   tempera- 
lure  and  pressure. 

Rcsi'lts  based  on  determinations  of 

C-byJoly •       ■ 

7  by  Worthing. 


o    X 


dO 


by  Keesom 


Results  for  Low  Pressures. — In  Fig.  12  there  have  been  platted  m  and 
17  as  functions  of  the  temperature  for  the  gas  under  low  pressures.  There 
have  been  indicated  also  the  results  of  Kester,^*  Joule  and  Kelvin,* 
Natan.son"  and  some  other  observers.  The  non-agreement  of  m  and  77 
at  zero  pressures  with  values  at  the  higher  pressures  led  the  writer  to 
consider  the  application  of  data  by  Chappuis^^  on  the  p,  v  and  6  interrela- 
tions and  data  on  Cp  by  Holborn  and  Austin.  Chappuis's  results  are 
expressed  in  equations  of  the  form 


(60) 


A  -\-  Bp 


for  five  different  temperatures,   —  17.5°,  0°,  20°,  40°  and  100°  C.     A 
and  B  are  constants.     The  unit  of  pressure  used  is  that  due  to  a  meter 
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column  of  mercury,  the  unit  of  volume  is  that  occupied  by  a  gram- 
molecule  of  the  gas,  at  0°  C,  under  a  pressure  equal  to  that  due  to  a  meter 
column  of  mercury.  In  a  method  exactly  analogous  to  that  used  in 
obtaining  (27)  and  (28),  we  get  for  p  =  o 


Tcy7jPtra.iruro% 


20 


Fig.  12. 


Variation  with  temperature  of    the  free-expansion  (v)  and  the  Joule-Kelvin 
in  CO2  at  low  pressures. 

Determinations  of  Joule-Kelvin  effects 

by  Joule  and  Kelvin 

by  Natanson 

by  Kester 

from  data  by  Chappuis  and  by  Holborn  and  Austin 

from  Clausius's  equation 

by  Worthing 

Determinations  of  free-expansion  effects 

by  Cazin 

by  Searle 

from  data  by  Chappuis  and  by  Holborn  and  Austin 

from  Clausius's  equation 

by  Worthing 


(M)  effects 


+ 

/s 

o 

# 
* 
□ 
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dB 


(61) 


(62)  770 


\  ddip 


idB\ 
c   -^' 


where  ylo  and  0o  are  the  values  of  A  and  Q  for  0°  C.  (61)  and  (62)  are  based 
on  the  assumption  that 

Q 
(63)  A  =  A,., 

uo 

a  condition  which  is  necessary  if  the  gas  in  question  is  to  approach  the 
condition  of  a  perfect  gas  as  the  pressure  approaches  zero.  Chappuis's 
constants  do  not  quite  fulfil  condition  (63).  Slight  changes  were  made 
in  his  values  for  A  and  B,  leaving  the  values  for  A  and  B  at  0°  C.  and 
the  values  of  pv  at  the  unit  of  pressure  unchanged,  such  that  condition 

(63)  was  fulfilled.  This  seems  reasonable,  in  view  of  the  added  fact  that, 
of  the  measurements  by  Chappuis  at  three  different  pressures,  the  average 
pressure  was  about  equivalent  to  that  due  to  a  meter  column  of  mercury. 
Thus  changed  B  is  readily  and  with  a  great  deal  of  accuracy  expressed 
by  the  following  empirical  formula, 

(64)  lo^B  =  -  906  +  6.87T  =  .0226TK 

Chappuis's  value  for  Ao  is  1.00906.  The  values  indicated  as  being  based 
on  data  by  Chappuis  and  by  Holborn  and  Austin,  were  obtained  under 
the  above  named  conditions.  Some  check  computations  for  /x  and  rj  at 
I  m.  of  Ilg  pressure  based  on  quadrature  methods  and  using  Chappuis's 
constants  unchanged  showed  excellent  agreement  with  the  values  obtained 
using  the  modified  constants  of  (63)  and  (64).  To  obtain  values  of  Cp 
at  zero  pressure  Holborn  and  Austin's  data  were  used  in  conjunction 
with  the  change  for  one  atmosphere  indicated  by  the  curves  in  Fig.  10. 
The  results  indicated  as  being  based  on  Clausius's  equation  were  obtained 
for  zero  pressure  by  a  method  analogous  to  that  used  in  obtaining  (27), 
and  (28),  and  (61)  and  (62).  Clausius's''^  equation  and  the  numerical 
values  of  the  constants  are  given  in  (65). 

^  ^^  ^  ~  v-~a~  d{v  +  by 

R  =  .003688, 
a  =  .000843, 
b  =  .000977, 
c  =  2.0935. 
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The  resulting  values  for  fj.  and  77  at  zero  pressure  are 

(67)  ^«="->5=— • 

The  curves  of  Fig.  9  furnished  the  desired  values  of  7.  The  value  found 
by  Searle*  was  obtained  through  considering  the  application  of  Van  der 
Waal's  equation.  The  value  by  Cazin^  is  an  average  of  the  four  values 
.81,  .82,  .9>2  and  1.09  deg./atmo.  which  are  obtainable  from  his  results. 
The  method  is  briefly  described  in  the  introduction.  The  first  value  is 
directly  obtainable  from  his  results.  The  other  values  are  obtained 
indirectly.  In  obtaining  his  results  for  these  three  cases,  Cazin  had  the 
larger  chamber,  into  which  the  gas  experimented  on  expanded  from  a 
smaller  chamber,  partially  filled  with  the  gas.  In  arriving  at  the  above 
values,  the  rough  assumption  was  made  that  the  gas  freely  expanding 
was  that  in  the  smaller  chamber  in  excess  of  the  amount  necessary  to 
produce  it  in  a  pressure  equal  to  the  pressure  existing  in  the  larger 
chamber. 

Note  Regarding  Disagreement  of  Values  at  Zero  Pressure. — The  high 
values  of  n  and  rj  for  p  =  o  using  Kammerlingh  Onnes's  equation  (Fig. 
12),  are  ofTset  by  the  results  based  on  the  careful  work  of  Chappuis 
and  the  work  of  Holborn  and  Austin  and  the  results  obtained  with  the 
aid  of  Clausius's  equation.  The  difference  arises  from  small  variations 
in  the  p,  v,  d  relations.  This  disagreement  might  seem  to  cast  doubt 
upon  the  values  for  the  higher  pressures.  This  is  not  necessarily  the 
case,  however,  for  with  increasing  pressure,  as  mentioned  before,  small 
errors  in  the  p,  v,  6  relation  become  less  effective  due  to  the  relative 
increase  in  size  of  the  terms  6  —  v(ddldv)p  and  d{dpldd)v  —  p. 

Interna!  Work  during  Expansion. — As  in  the  case  with  air,  it  is  of 
interest  to  consider  the  relative  magnitude  of  the  internal  work  on  ex- 
pansion when  compared  with  the  external  work.     (35)  gives  this  relation 

AiVi 
for  an  infinitesimal,  reversible,  isothermal  expansion.     Values  of  are 

included  in  the  final  columns  of  Table  XVI.  The  results,  excepting 
the  value  5.71  for  the  critical  point,  have  been  platted  in  Fig.  13.  The 
platted  points  fall  very  closely  on  the  smoothed  curves.  The  effects 
of  temperature  and  pressure  are  well  shown.  This  plat  incidentally 
shows  very  plainly  the  cause  for  the  high  values  for  7  at  the  higher  pres- 
sures.    In  determining  the  isopiestic  heat  capacity  of  a  gas,  one  neces- 
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sarily  must  consider  the  internal  work  of  expansion,  a  factor  which  does 
not  enter  into  the  isometric  heat  capacity.     Consequently  there  are 

relatively  large  values  of  7,  where  the  values  of  ~   are  relatively  large. 

This  relation  is  further  borne  outby  the  striking  si  milarity  of  the  two 

plats. 

Awi 
Conclusions  Regarding  and  n,  rj,  ^^  for  CO2. — The  following   conclu- 


50 
Fig.  13. 

Variation  ^vith    pressure  of   ^',f^;;-^|^^-g  for  reversible,  infinitesimal,  isothermal  expan- 
sions  in  COi. 

Results  based  on  determinations  of 

Cr  by  Joly ^ 

7  by  Worthing 

sions  for  CO2  for  the  regions  considered  may  be  drawn  from  the  plats 
Au'i 


of  fi,  77  and 


Aw2 


1.  For  pressures  up  to  about  60  or  70  atmospheres  the  free-expansion 
effect  IS  less  everywhere  than  the  corresponding  Joule-Kelvin  effect. 
For  the  higher  pressures  the  reverse  is  true. 

2.  For  pressures  up  to  about  60  or  70  atmospheres  the  values  of  /x 
and  V  decrease  with  increasing  temperatures  for  the  temperature  interval 
o  to  100''  C.  For  sufficiently  high  pressures  there  is  a  reversal  of  this 
temperature  effect. 
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3.  ju  for  a  given  temperature  is  approximately  independent  of  the 
pressure  up  to  about  40  atmospheres.  For  higher  pressures  (excepting 
at  100°  C.)  it  decreases  with  increasing  pressure. 

4.  77  for  a  given  temperature  is  nearly  constant  with  varying  pressure 
up  to  about  30  atmospheres.  With  increasing  pressures  rj  first  increases 
slightly,  then  decreases  more  rapidK'. 

5.  There  is  general  good  agreement  among  the  m  and  tj  determinations 
based  on  the  different  experimental  data. 

6.  The  writer's  computed  values  for  n  at  moderate  pressures  agree 
very  well  with  the  experimental  values  of  Joule  and  Kelvin  and  with  the 
values  obtained  by  using  Clausius's  equation,  but  are  consistently  less 
than  the  results  of  Kester. 

7.  The  writer's  values  for  77  show  excellent  agreement  with  the  values 
to  be  computed  on  making  use  of  Clausius's  equation. 

8.  The  ratio  of  the  internal  work  to  the  external  work  for  infinitesimal, 

reversible,  isothermal  expansions  7      is  greater  for  a  given  pressure  the 
lower  the  temperature. 

Q.  The  ratio  :       starts  with  zero  values  at  zero  pressure  and  increases 

Awo 

with  pressure,  reaching  a  value  of  5.71  at  the  critical  point. 


VII.  Significance  of  a  Noticeable  Relation  between  m 
AND  T]  for  Air  and  for  CO2. 
It  is  to  be  noticed  that  the  results  for  fx  and  ?/  for  air  and  CO2  show  some 
marked  differences.     Among  them 
is  the  fact  that  77  is  greater  than  n 
in  air  for    the   region    considered, 
while  the  reverse  is  true  for  a  large 
portion  of  the  region  considered  in 
the  case  of  CO2.     A  brief  discussion 
of  this  fact  may  perhaps  bring  out      pv 
the  significance  of  this.     Consider 
Fig.  14  in  which  POQ  represents  an 
isothermal  platted  on  a  (pv,  p)  dia- 
gram.    Consider  some  gas  to  be  in 
a  state  represented  by  0  on  the  dia- 
gram and   about  to   be   expanded  ^ 
through  a   porous   plug.      On    the                               Fig.  14. 
diagram,  the  path  representing  the 
change  will  evidently  proceed  from  0  to  some  point  to  the  left  of 
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an  isopiestic  through  0.  In  case  the  path  should  be  along  Ob,  Oc  or 
Od,  cooling  of  the  gas  would  occur  and  a  positive  Joule-Kelvin  efifect, 
as  in  air  or  in  CO2,  would  be  evidence.  In  case  the  path  should  be 
along  Oa,  heating  of  the  gas  would  occur  and  a  negative  Joule-Kelvin 
effect  as  in  hydrogen  would  be  evidenced.  The  condition  necessarily 
fulfilled  in  a  porous  plug  expansion  is 

(68)  ^e  +  ^{p'o)  =  o. 

The  condition  necessarily  fulfilled  in  a  free-expansion  is 

(69)  Ae  =  o. 

According  to  conditions,  for  instance  whether  in  Fig.  14  the  path  pro- 
ceeds from  0  into  the  upper  left  hand  quadrant,  along  Oc,  or  into  the 
lower  left  hand  quadrant,  we  have  respectively  for  the  porous  plug 
expansions 

(70)  A{pv)  >  o,     A{pv)  =  O,     A(pv)  <  o. 
For  these  cases  we  also  have  respectively 

(71)  Ae  <  O,     Ae  =  O,     Ae  >  O. 

In  the  first  case,  where  the  path  representing  the  porous  plug  expansion 
proceeds  into  the  upper  left  hand  quadrant  and  for  which  Ae  <  o,  the 
path  for  a  free-expansion,  in  which  Ae  =  o,  lies  above  that  for  the  porous 
plug  expansion.  Hence,  taking  into  account  the  signs  of  the  effects, 
the  free-expansion  effect  is  less  than  the  Joule-Kelvin  effect. 

In  the  second  case,  where  the  path  representing  the  porous  plug  expan- 
sion proceeds  along  Oc  and  where  Ae  =  o,  the  path  for  a  free-expansion 
also  proceeds  along  Oc.     Here  the  two  cooling  effects  are  equal. 

In  the  third  case,  where  the  path  representing  the  porous  plug  expan- 
sion proceeds  from  0  into  the  lower  left  hand  quadrant  and  for  which 
Ae  >  o,  the  path  for  a  free-expansion  in  which  Ae  =  o,  lies  below  that 
for  the  porous  plug  expansion.  Here  the  free-expansion  effect  is  greater 
than  the  porous  plug  effect.  The  converse  of  these  statements  is  also 
true. 

In  the  regions  considered  in  air  and  in  CO2  we  have  for  the  most  part 
portions  of  isothermals  which  when  represented  on  diagrams  as  in  Fig. 
14  correspond  to  the  portion  PO.  In  air  where  the  Joule-Kelvin  and 
free-expansion  effects  are  both  positive  and  the  latter  the  greater,  we 
have  porous  plug  expansions  and  free-expansions  whose  paths  would  cor- 
respond respectively  to  Od  and  Od'.  For  CO2  at  the  lower  pressures, 
where  the  Joule-Kelvin  and  free-expansion  effects  are  both  positive  and 
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the  latter  the  smaller,  the  corresponding  paths  are  Ob  and  Ob'.  At  some- 
what higher  pressures  where  the  two  effects  are  equal,  the  corresponding 
paths  coincide  and  lie  along  Oc.  At  still  higher  pressures  where  the  two 
effects  are  reversed,  we  have  conditions  existing  as  described  above  in  air. 

VIII.  Summary. 

1 .  An  e.xpression  has  been  developed  which  shows  clearly  the  relation 
between  the  free-expansion  effect  7/  and  the  ratio  of  the  two  heat  capacities 
7  of  a  substance. 

2.  With  the  aid  of  7  data  by  Koch,  pv6  data  by  Witkowski  arid  an 
empirical  equation  of  state  by  Kammerlingh  Onnes,  there  have  been 
computed  values  for  the  free-expansion  effect  7;,  the  Joule-Kelvin  effect 
,u  and  the  ratio  of  the  internal  work  to  the  external  work  for  infinitesimal 

reversible,  isothermal  expansions  for  air  at  0°  C.  and  at  —  79.3°  C. 

AtC'2 

and  for  pressures  up  to  130  atmospheres. 

3.  With  the  aid  of  Kammerlingh  Onnes's  equation  of  state,  there  have 
been  obtained  experimentally  by  Maneuvrier's  method  values  of  7  for 
CO2  at  0.0°,  31.0°,  50.0°  and  98.5°  C.  and  for  pressures  ranging  from 
about  8  atmospheres  to  57  atmospheres. 

4.  The  approximate  constancy  of  a  new  function  7'  where  7'  is  defincrl 
by  pv"^'  =  constant — for  CO2  has  been  pointed  out. 

5.  Values  for  the  isometric  heat  capacity  C  the  isopiestic  heat  ca- 

pacitv  Cp,  n,  7]  and  .    ^  for  CO2  at  0°,  30°,  50°  and  100°  C.  and  for  prcs- 

sures — making  use  of  C  data  by  Joly— up  to  90  atmospheres  ha\e  been 
computed. 

6.  The  results  of  the  present  work  have  been  shown  to  be  generally 
in  good  agreement  with  the  experimental  results  of  others. 

7.  A  discussion  has  been  presented  in  which  certain  characteristics 
of  the  expansions  of  air  and  of  carbon  dioxide  through  a  porous  plug 
and  into  a  vacuum  are  considered. 

The  conclusions  reached  regarding  the  variations  of  the  various  quan- 
tities considered  will  be  found  summarized  at  the  close  of  the  different 
subdivisions  of  the  present  paper. 

In  conclusion,  I  wish  to  express  my  sincere  thanks  to  Mr.  R.  H.  Miller 
for  care  shown  in  the  construction  of  the  apparatus,  to  Mr.  C.  E.  Guthe, 
Jr.,  for  efficient  aid  given  in  the  experimental  work,  and  especially  to 
Dr.  K.  E.  Guthe  for  his  kindly  interest  and  helpful  suggestions. 
University  of  Michigan, 
Ann  Arbor,  Mich., 
March,  191 1. 
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Page  259.  To  enable  one  to  locate  properly  points  platted  in  Fiii.  12 
in  the  paper  by  A.  G.  Worthing  on  Some  Thermodynamic  Properties  of 
Air  and  of  Carbon  Dioxide,  the  following  table  is  given: 


M  and  V  for  COt  al  low  pressures. 


r 

in  Atmos.                          in  °  C. 

in  Deg.  Atmos. 

in  Deg.  Atmos. 

Results  nt  Joule  and  Thomson, 

1-  6                                4.0 

1 .307 

33.5 

1.020 

51.9 

.883 

91.8 

.648 

96.0 

.639 

Result  of  Cazin. 

1-  5                              lU 

.88 

Result  of  Natanson. 

19.7 

1.18 

Results  of  Kestcr. 

1-40                               .6 

1.442 

20.4 

1.173 

39.5 

1.037 

59.5 

.948 

79.5 

.868 

96.6 

.786 

Result  of  Searle. 

5-10                              0 

.63 

Results  of  Worthing. 

0                                 0 

1.375 

1.265 

30 

1 .065 

.975 

50 

.oiu 

.830 

100 

.595 

.540 

Results  based  on  data  by  Chappuis  and  by  Holborn  and  .Austin. 
0  0  1.290  1.125 

30  1.108  .970 

50  .9()()  .850 

100  .575  .480 

Results  based  on  Clausius's  equation  and  7  data  by  Worthing. 
0  1.36  1.22 

30  1.06  .96 

50  .90  .81 

100  .61  .55 
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Bv  II.  M.  R.\Xr).\KL 

In  a  recent  paper  J.  Koch'  has  reported  the  results  of  a  new 
determination  of  the  wave-length  of  the  residual  rays  ("Rest- 
strahlen")  from  selenite.  The  method  makes  use  of  a  Jamin 
interferometer  by  means  of  which  a  direct  comi)arison  is  made 
between  corresponding  numbers  of  interference  bands  due  to  the 
"Reststrahlen"  and  to  the  sodium  line  /  =  o.  58948  fi  (vacuo).  The 
following  results  were  obtained : 

(i)  X  =  8.6795/ii.  (vacuo)  (mean  of  10) 

(2)  A  =  8.677o/iA  (vacuo)  (mean  of    5) 

(3)  \  =  8.6'j8giJ.  (vacuo)  (mean  of    5) 


Mean    ^  =  8.6^8^ ij.  (vacuo) 

The  relatively  close  agreement  of  the  various  values  is  inter- 
esting and  raises  the  question  as  to  whether  other  methods  will 
yield  the  same  result;  that  is,  whether  the  "Reststrahlen"  from 
selenite  may  be  employed  as  a  standard  wave-length  in  the  infra- 
red region.  Energy-curves  of  this  radiation  have  been  obtained 
accordingly  by  using  both  the  grating  and  the  prism  method.  As 
these  methods  are  familiar,  the  experimental  details  will  be  suf- 
ficiently indicated  by  the  accompanying  diagram,  Fig.  i.  S,  the 
source  of  the  radiation,  is  a  2 20- volt  Nernst  lamp,  whose  image  is 
focused  by  the  silvered  mirror  M  upon  the  slit  5',  of  the  mirror 
spectrometer  after  three  reflections  at  the  polished  selenite  surfaces 
g,  the  angle  of  incidence  being  about  45°.  Mi  anfl  Mj  are  siKered 
mirrors  10  cm  in  diameter  and  of  50  cm  focal  length,  while  L  is  a 
plane  Rowland  grating  wath  40  lines  per  mm.  The  spectrometer 
was  made  by  Fuess  and  has  been  previously  described.^  The  linear 
thermopile  T  was  of  the  Paschen  type'  and  is  used  in  connection 

'  Annalen  der  Physik,  26,  974,  1908. 

'  E.  Giesing,  Annalen  der  Physik,  22,  S33^  iQO?- 

3  F.  Paschen,  ibid.,  33,  736,  1910. 
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Fig.  I 


with  a  Paschen  galvanometer,  with  which  a  deflection  of  i  mm 
corresponded  to  a  current  of  0.7X10-'°  amperes,  the  scale  being 
approximately  2.5m  from  the  galvanometer.  The  deflections  of 
the  galvanometer  were  pro- 
portional to  the  current 
throughout  the  length  of  the 
scale.  The  slits  S  and  S' 
were  kept  equal  and  gradu- 
ally increased  in  width  till 
sufficient  radiation  passed 
through  to  give  satisfactory 
deflections  of  the  galva- 
nometer. A  relatively  wide 
slit,  1.7  mm,  was  found  nec- 
essary. This  corresponds  to 
a  spectral  region  of  about 
800  A.U.  The  wave-length, 
X,  is  given  by  the  equation 
{X  =  C  sin  6),  C  being  deter- 
mined by  using  the  He  line  s 
X  5875.870  in  the  30th  and 
40th  orders.     C  was  found  to  be  504817  A.U. 

Fig.  2  represents  the  energy-curves  to  the  right  and  left  of  the 
undeviated  image,  the  abscissas  are  the  spectrometer  readings  and 
the  ordinates  the  galvanometer-throws  when  the  shutter  before 
the  slit  S  is  removed.  The  wave-length  corresponding  to  the 
center  of  mass  of  the  triangles  is  A  =  86940  A.U.  (vacuo).  A  second 
independent  determination  gave  A  =86950.  These  values  are  in 
accord  with  that  of  Aschkinass'  which  was  8 .  69  /*. 

The  grating  was  then  replaced  by  a  fluorite  prism,  and  the 
slits  were  narrowed  to  o .  28  mm.  In  this  case  the  slit-width  cor- 
responded approximately  to  180  A.U.  The  curves  of  Fig.  3  were 
obtained  with  this  arrangement.  The  observed  throws  of  the 
galvanometer  are  indicated  by  the  points  of  the  lower  curve. 
These  have  been  increased  by  multiplying  by  the  proper  factor  to 

'  Annalen  der  Physik,  i,  42,  1900. 
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compensate  for  the  absorption  of  the  iluorite.'  which  is  large  in 
this  region,  and  the  upper  curve  represents  the  vakies  which  would 
have  been  obtained  had  there  been  no  absorption.  'I'his  curve 
gives  A  =  86785  A.U.  (vacuo)  for  the  wave-length  corresponding  to 
the  center  of  mass  of  the  triangle.  This  is  also  quite  accurately 
the  value  of  the  wave-length  corresponding  to  the  maximum  of 
the  curve.  It  will  he  noticed  that  this  result  is  in  close  agreement 
with  those  of  Koch,  indicating  the  correctness  of  the  determinations 
of   Paschen  on  the  dispersion  and  absorption*  of  Iluorite  in  this 
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region.  While  the  value  obtained  by  the  grating  is  percei)tibly 
larger  than  that  given  by  the  prism,  due  possibly  to  the  alterations 
in  the  energy-distribution  of  the  spectrum  which  a  grating  may 
introduce,  it  is  interesting  to  observe  that  the  wave-lengths  obtained 
from  those  parts  of  the  bands  carrying  the  maximum  energy  are 
nearly  the  same  in  the  two  cases,  being  in  fact  also  in  close  agree- 
ment with  the  values  of  Koch.  Thus,  if  the  values  of  A  are  obtained 
from  the  intersections  of  the  lines  AB  with  the  curves,  the  follow- 
ing results  are  obtained: 

'F.    Paschen,    SUzungsherkhlc  dcr  K.    prcuss.   Akadcmic    dcr    Wissensclmftcn, 
1,417,  1899. 

»  F.  Paschen,  Annalen  der  Physik,  53,  301,  812,  1S94. 
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Grating  X  =  86793  A.U.  (vacuo) 
Prism     \  =  &(i'j']o  k.V.  (:oacuo) 
while  from  Koch      A  =  86787  A.U.  {vacuo). 
It  is  to  be  noted  also  that  the  approximate  breadth  of  the  band 
in  the  case  of  the  prism  is  o .  5  /^  and  in  the  case  of  the  grating  o .  6  /*, 
values  which  are  in  substantial  agreement  with  the  value  o .  5  /^ 
obtained  by  Koch  from  visibility-curves. 

While  the  values  from  the  energy-curves  by  either  of  the  methods 
here  used  may  be  repeated  under  definite  conditions  with  varia- 
tions not  exceeding  20  A.U.,  still  the  fact  that  the  different  methods 
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Fig.  3 


give  appreciably  dififerent  results  and  also  the  fact  that  the  band 
seems  to  have  a  rather  broad  maximum  make  it  unsuitable  for  a 
standard  of  wave-length.  In  fact,  the  form  of  this  somewhat 
broad  maximum  suggests  the  possibihty  of  a  double  maximum  for 
the  residual  rays  of  selenite  in  this  region.  The  data  do  not 
warrant,  however,  any  positive  conclusions  in  this  respect. 

These  data  were  obtained  in  the  Physical  Laboratory  of  the  Uni- 
versity of  Tubingen  and  the  writer  wishes  to  express  here  his  deep 
obligations  to  its  director.  Professor  F.  Paschen. 

Physical  Laboratory 

uxiversity  of  michigan 

August  191 1 


(Reprinted  from  the  Physical  Review.  Vol.  XXX\'..  No.  2,  Au^..  igi.'.) 


THE    ELASTIC    PROPERTIES   OF    BlSMl    111    \\IRi:s.« 

By  J.  E.  Harris. 

A  MOST  striking  devialion  from  the  laws  of  elasticity  was  first 
^^^  observed  a  few  years  ago  by  Guthe-  and  investigated  by  him'  and 
by  Sieg-*  in  wires  of  platinum-iridium  alloys.  They  found  that  the  pericxl 
of  torsional  \ibration  for  these  wires  was  by  no  means  constant,  but  that 
it  decreased  rapidly  with  the  amplitude  of  vibration.  The  greatest 
percentage  of  decrease  was  found  in  the  smaller  amplitudes,  the  periods 
seeming  to  approach  a  maximum  constant  value  at  the  larger  amplitudes. 
The  logarithmic  decrement,  starting  with  the  large  amplitude,  at  first 
increased  slowly  to  a  maximum  value  and  then  decreased  much  more 
rapidly  as  the  amplitude  of  vibration  decreased.  The  previous  treatment 
of  the  wire  seemed  to  influence  its  behavior  greatly.  After  allowing  the 
wire  to  rest  for  a  long  time,  or  after  annealing  the  wire  by  heating  it  to  a 
red  heat  by  means  of  an  electric  current,  the  peculiar  properties  were  not 
nearly  so  pronounced  as  w'hen  the  wire  had  just  previously  been  vibrated 
torsionally  for  some  time.  It  was  also  observed  that  when  the  wire 
was  kept  in  vibration  for  some  time  at  a  constant  amplitude,  the  pcri(xi 
gradually  increased  until  it  finally  approached  a  maximum  consiani 
value. 

The  fact  that  the  previous  history  and  treatment  of  the  wire  seemed  lo 
influence  its  behavior  to  such  an  extent  led  to  the  assumption  that  the 
effect  was  in  some  way  due  to  the  molecular  structure  of  the  wire.  Since 
the  platinum-iridium  alloys  are  very  brittle,  it  was  suggested  that  perhaps 
other  wires  having  this  same  quality  of  brittleness  might  show  something 
of  the  same  properties.  For  this  reason,  it  was  decided  to  investigate 
the  behavior  of  bismuth  wires.  This  was  done  and  as  has  been  announced 
by  Guthe^  and  the  author,  the  bismuth  wires  did  show  the  same  large 
decrease  in  period  and  logarithmic  decrement  with  flecrease  in  amplitude. 

This  paper  gives  the  results  of  the  investigations  that  have  been  car- 
ried on  in  the  past  year  with  bismuth  wires." 

»  This  investigation  was  carried  out  with  the  aid  of  a  grant  from  the  Elizabeth  Thompson 
Science  fund. 

2  K.  E.  Guthe,  Proc.  Iowa  Academy  of  Science.  15.  p.  147.  1908. 

'  K.  E.  Guthe  and  L.  P.  Sieg.  Physical  Review.  Vol.  30.  No.  4.  1910. 

*  L.  P.  Sieg,  Physical  Review,  Vol.  31.  No.  4,  1910. 

*  Physical  Review,  Vol.  32,  p.  228. 

*  The  bismuth  wires  used  in  these  investigations  were  obtained  from  Hartinan  &  Braun. 
They  were  made  from  pure,  electrolytically  deposited  bismuth. 
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Fig.  A. 


II.  Apparatus. 
The  apparatus  was  similar  in  most  respects  to  that  described  by  Guthe 
and  Sieg^  in  their  investigations  with  the  platinum  iridium  wires.  A  large 
circular  scale  was  used  of  such  dimensions  that  each  degree  of  amplitude 
measured  about  2  cm.  on  the  circumference  of  the  scale.  Each  end  of 
the  wire  was  soldered  into  a  brass  cylinder.  For  the  purpose  of  soldering 
the  wires,  it  was  found  necessary  to  mix  some  bismuth  with  the  solder  in 
order  to  lower  its  melting  point  to  a  tem- 
perature below  that  for  bismuth,  the  melt- 
ing point  of  pure  bismuth  itself  being 
lower  than  that  of  the  solder.  The  upper 
cylinder  was  clamped  in  a  device  shown  in 
the  accompanying  diagram.  The  sketch 
gives  a  view  at  right  angles  to  the  axis  of 
the  wire.  The  cylinder  to  which  the  upper 
end  of  the  wire  is  soldered  is  held  in  place 
by  the  set-screw  A .  The  flat  piece  of  iron 
BCDE  carrying  the  cylinder  is  free  to  ro- 
tate about  the  axis  of  the  wire  as  a  cen- 
ter of  rotation.  By  pushing  this  first  one 
way  and  then  the  other,  the  wire  could  be  made  to  vibrate.  By  means 
of  the  set-screws  F  and  G,  the  angle  through  which  the  wire  was  twisted 
could  be  regulated  at  will.  By  setting  these  screws,  the  wire  could  also 
be  made,  if  desired,  to  vibrate  at  constant  amplitude.  The  part  HIJK 
is  a  fixed  piece  of  iron  and  has  at  one  end  of  it  the  circular  scale  mn. 
By  means  of  this  scale,  the  angle  through  which  the  wire  is  being  twisted 
can  be  determined. 

The  cylinder  attached  to  the  lower  end  of  the  wire  was  turned  in  such 
a  way  as  to  leave  at  its  lower  end  a  flat  disk  5.58  cm.  in  diameter.  Over 
the  stem  part  could  be  slipped  cylinders  of  various  masses  and  diameters, 
so  that  the  mass  and  moment  of  inertia  of  the  vibrating  system  could  be 
varied  as  desired.  A  very  thin  piece  of  plane  parallel  glass,  silvered  on 
both  sides  and  fastened  vertically  to  the  lower  surface  of  the  vibrating 
disk,  served  for  the  reflection  of  light  from  an  arc  lamp  to  the  scale.  The 
lower  cylinder  was  hung  in  a  large  beaker  made  of  clear  glass,  the  top  of 
the  beaker  being  covered  with  a  piece  of  cardboard  having  a  hole  in  the 
center  through  which  the  wire  could  pass.  This  arrangement  was  made 
necessary,  especially  in  those  observations  in  which  a  light  suspended 
weight  was  used,  because  it  was  found  that  the  air  currents  in  the  room 
interfered  materially  with  the  observations.  The  beaker  was  large 
*  Loc.  cit. 
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enough  so  as  not  to  introduce  an\'  damping  effect.  A  cross-wire  placed 
in  a  beam  of  light  from  an  arc  lamp  was  focused  on  the  scale  after  reflec- 
tion by  the  mirror  by  means  of  a  lens. 

The  periods  of  vibration  were  obtained  with  the  aid  of  a  Morse  recorder, 
one  of  the  electromagnets  of  the  recorder  being  connected  to  a  relay 
which  in  turn  was  connected  to  a  clock  beating  seconds,  the  other  electro- 
magnet being  connected  to  the  apparatus  used  for  determining  the  time 
of  the  passage  of  the  cross-wire  through  the  point  of  rest.  By  measuring 
the  distance  between  the  marks  on  the  tape,  an  accurate  determination 
of  the  time  of  each  passage  of  the  cross-wire  through  the  point  of  rest 
could  be  obtained. 

In  the  earlier  observations,  instead  of  determining  the  time  of  passage 
of  the  cross  wire  through  the  point  of  rest  by  means  of  a  tap-key,  a 
selenium  cell  was  placed  in  the  position  occupied  by  the  spot  of  light 
reflected  by  the  mirror  when  the  vibrating  system  was  at  rest.  The  cell, 
which  was  very  sensitive,  having  a  resistance  of  198,000  ohms  in  the 
dark  and  only  8,000  ohms  in  direct  sunlight,  was  placed  in  series  with  a 
two-thousand  ohm  relay  and  both  connected  in  a  220-voli  circuit.  The 
relay  was  so  adjusted  that  when  the  light  from  the  mirror  passed  over 
the  cell  in  series  with  the  relay,  the  decreased  resistance  of  the  cell  would 
permit  enough  current  to  pass  to  close  the  relay,  which,  in  turn  closed  a 
circuit  containing  one  of  the  electromagnets  of  the  recorder,  thus  giving 
a  mark  on  the  tape.  For  the  larger  amplitudes,  the  entire  surface  of  the 
cell  (about  5  X  2^/^  cm.)  was  exposed  to  the  action  of  the  light.  Howe\er, 
as  the  amplitudes  of  vibration  decreased,  the  spot  of  light  remained  for 
a  continually  lengthening  period  of  time  on  the  surface  of  the  cell,  so  that 
the  mark  on  the  tape  could  no  longer  be  given  at  the  time  of  the  passage 
of  the  spot  of  light  over  the  middle  of  the  cell  but  before  it  reached  the 
middle.  For  this  reason,  two  pieces  of  card-board  were  so  arranged 
that  they  could  be  closed  in  from  the  ends,  thus  leaving  a  continually 
decreasing  portion  of  the  cell  exposed  to  the  action  of  the  light.  It  was 
found  that  the  slit  could  be  narrowed  down  in  this  manner  until  it  was 
considerably  less  than  a  centimeter  in  width.  Even  this  was  too  wide 
for  amplitudes  less  than  20°  so  that  when  the  amplitude  had  decreased 
to  this  point,  the  records  of  the  passages  of  light  were  obtained  by  means 
of  a  tap-key.  Unfortunately,  due  to  the  passage  of  too  much  current 
through  the  cell  in  one  of  the  observations,  the  sensitiveness  was  decreased 
to  such  an  extent  that  it  could  no  longer  be  used,  and  a  tap-key  had  to  be 
substituted  in  the  observations  taken  thereafter. 
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III.    Method  of  Procedure. 

The  object  of  the  first  experiment  attempted  was  to  determine  the  way 
in  which  the  wire  behaved  as  the  initial  amplitudes  of  successive  observa- 
tions were  gradually  increased.  For  this  purpose,  a  series  of  experiments 
was  carried  on  with  two  different  wires,  one  of  .25  mm.  diameter  and  the 
other  .5  mm.  diameter,  in  each  case  beginning  with  an  observation  in 
which  the  initial  amplitude  was  small  and  increasing  the  amplitude  in  each 
succeeding  observation.  The  amplitudes  were  increased  in  each  case 
until  the  elastic  limit  of  the  wire  was  very  nearly  reached.  For  all  the 
experiments,  a  smooth  period  amplitude  curve  could  be  obtained,  but 
when  the  cur\-es  were  compared,  no  definite  relation  could  be  obtained. 
The  curves  for  experiments,  in  which  the  initial  amplitude  was  large, 
would  sometimes  be  above  and  sometimes  below  those  in  which  the 
initial  amplitude  was  small.  This  was  probably  due  to  the  different 
treatment  of  the  wire  on  different  occasions.  It  was  necessary  to  adjust 
the  relay  in  series  with  the  selenium  cell  as  the  wire  was  being  vibrated  in 
order  to  bring  it  up  to  the  desired  initial  amplitude  and  sometimes  this 
adjustment  was  difficult  to  bring  about,  especially  if  the  light  from  the 
arc  happened  to  be  a  little  variable.  For  this  reason,  it  was  necessary 
to  keep  the  wire  in  vibration  much  longer  in  some  experiments  than  in 
others. 

From  these  results,  it  became  evident  that  some  method  of  procedure, 
would  have  to  be  found  by  which  more  definite  results  could  be  obtained 
In  Sieg's^  work,  the  method  was  tried  of  keeping  the  wire  in  constant 
vibration  for  some  time  at  the  maximum  amplitude  at  which  it  was 
desired  to  begin  the  experiment  and  then  taking  a  series  of  observations 
as  the  wire  came  to  rest.  It  was  found  that  if  this  experiment  was 
repeated  at  once  without  the  preliminary  treatment,  the  period  amplitude 
curves  for  the  two  sets  of  readings  coincided  exactly,  indicating  that  the 
wire,  for  the  time  being  at  least,  had  been  put  in  a  definite  state. 

A  series  of  experiments  were  performed  to  see  if  in  this  respect  the 
bismuth  wire  behaved  like  the  platinum-iridium  wire. 

I.  Comparison  of  Two  Series  of  Observations  taken  One  Immediately 
After  the  Other. — In  order  to  determine  definitely  the  effect  of  the  previ- 
ous treatment  of  the  wire,  two  series  of  observations  were  taken  one  im- 
mediately after  the  other.  In  this  experiment,  a  wire  was  used  that 
had  been  used  in  the  experiments  mentioned  above.  The  wire  had, 
however,  been  allowed  to  rest  several  days  before  these  experiments 
were  performed.  The  wire  was  made  to  vibrate  in  each  case  through  an 
initial  amplitude  of  about  85°  and  the  observations  taken  as  the  system 

'  Loc.  cit. 
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came  to  rest.  In  this  and  all  other  experiments  with  the  bismuth  wires, 
we  are  limited  to  small  amplitudes  compared  to  those  used  in  the  plat- 
inum-iridium  wires,  because  of  the  low  elastic  limit  of  the  wire.  By 
period  in  this  and  in  subsequent  experiments  is  meant  the  jx-'riod  of  half 
a  complete  vibration.  The  results  for  the  two  experiments  are  given 
in  Table  I.,  A  being  for  the  first  and  B  for  the  second  series  of  readings. 


Length  of  wire,  106  cm. 


Table    I. 

Diam.,  .5  mm.     Moment  of  inertia. 
Initial  amplitude,  86°.3. 


626  g.  cm».      Temp..   23° 


No.  of  Swing. 

A 

B 

Period. 

Amp. 

Period. 

5 

3.223 

73.4 

3.224 

/  lA' 

10 

3.219 

63.1 

3.221 

63.3 

15 

3.216 

54.0 

3.217 

54.3 

20 

3.213 

46.7 

3.215 

45.8 

25 

3.211 

40.0 

3.213 

40.5 

30 

3.209 

34.6 

3.210 

34.7 

35 

3.206 

30.0 

3.207 

30.2 

40 

3.203 

26.1 

3.205 

26.3 

45 

3.201 

22.8 

3.203 

23.0 

50 

3.199 

19.8 

3.201 

20.0 

55 

3.197 

17.4 

3.200 

17.5 

60 

3.195 

15.3 

3.198 

15.4 

65 

3.194 

13.5 

3.196 

13.5 

70 

3.192 

11.9 

3.194 

11.8 

75 

3.191 

10.6 

3.193 

10.5 

80 

3.189 

9.3 

3.192 

9.2 

85 

3.188 

8.4 

3.190 

8.3 

90 

3.187 

7.5 

3.189 

7.4 

95 

3.187 

6.7 

3.188 

6.6 

100 

3.186 

6.1 

3.187 

5.7 

105 

3.185 

5.4 

3.187 

5.1 

110 

3.185 

4.9 

3.186 

4.7 

115 

3.184 

4.4 

3.185 

4.3 

120 

1    3.183 

3.8 

.vl^5 

v7 

The  results  of  this  experiment  are  shown  graphically  in  Fig.  i,  the 
amplitudes  being  plotted  as  abscissae  and  the  periods  as  ordinates.  That 
the  first  experiment  has  had  a  marked  effect  on  the  second  is  evident 
from  the  position  of  the  two  curves.  The  curve  for  the  second  experi- 
ment lies  above  that  for  the  first.  It  will  be  seen  that  the  second  curve 
in  shape  is  very  similar  to  that  of  the  first.  It  seems  that  the  effect  of 
the  first  experiment  on  the  second  was  merely  to  displace  the  cur\e 
upward.     This  effect  is  due  to  the  so-called   "elastic   fatigue"  in   the 
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2.  Behavior  of  the  Wire  when  Vibrated  at  Constant  Amplitude. — In  this 
experiment,  several  series  of  observations  were  taken  at  different  ampli- 
tudes to  determine  whether  or  not  the  period  remained  constant  when 
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Fig.   1. 

the  wire  was  kept  vibrating  at  constant  amplitudes.  By  adjusting 
the  set  screws  F  and  G  (see  diagram)  and  moving  the  lever  from  one  set 
screw  to  the  other  at  the  end  of  each  swing,  the  wire  could  be  kept  vibrat- 
ing through  any  desired  amplitude  and  this  amplitude  kept  constant 


Table    II. 


Length  of  wire  =106  cm. 


Diam.  =  .5  mm. 
A.  Amplitude  = 


Moment  of  inertia  =  626  g.  cm^ 
65°.2. 


No.  of  Vibration!. 


2t.21 

53.42 

108.29 

205.13 


32.21 

87.08 

183.92 


3.221 
3.225 
3.227 


After  20  minutes. 

1.56 

85.57 

84.01 

26 

3.231 

130.78 

129.22 

40 

3.231 

260.07 

258.51 

80 

3.231 

B.  Amplitude  =  93°. 5. 


37.70 

79.63 

115.12 

192.61 


41.93 

77.42 

154.91 


3.225 
3.226 
3.227 


After  20  minutes. 
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within  one  or  two  degrees.  Only  two  of  the  experiments  performed  are 
given  here  for  the  reason  that  all  of  them  gave  practically  the  same 
results.  Two  series  of  observations  were  taken  in  each  case,  the  first 
just  after  the  amplitude  desired  had  been  reached,  and  the  second,  after 
the  wire  had  been  kept  in  vibration  for  20  minutes.  The  results  are 
shown  in  Table  II. 

It  will  be  seen  from  the  above  experiments,  that  the  period  of  vibra- 
tion increases  when  the  system  is  made  to  vibrate  at  a  constant  ampli- 
tude; that  the  period  of  vibration  very  rapidly  approaches  a  maximum 
value;  and  that  this  maximum  value  has  apparently  been  reached  after 
an  interval  of  20  minutes.  To  make  sure  of  this  latter  point,  the  wire 
was  vibrated  for  twenty  minutes,  an  observation  taken  and  then  the 
wire  vibrated  for  an  hour  and  another  observation  taken.  The  period 
obtained  was  the  same  as  that  obtained  after  the  twenty-minute  inter- 
val. That  a  part  of  the  adjustment  of  the  wire  takes  place  while  the 
wire  is  being  vibrated  to  bring  it  up  to  the  maximum  amplitude  is  shown 
by  the  above  tables.  In  observation  A,  where  the  wire  was  brought 
to  its  maximum  amplitude  by  larger  steps  than  in  B,  we  have  a  larger 
variation  in  the  period  in  the  first  50  vibrations  than  in  the  correspond- 
ing interval  in  the  second  observation. 

3.  Effect  of  Continued  Vibrations  on  the  Period  Amplitude  Curve. — To 
show  this  effect,  a  wire  that  had  not  been  used  before  was  taken  and  after 
allowing  it  to  hang  in  place  for  a  day,  three  series  of  obser\ations  were 
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taken.  In  the  first,  the  wire  was  brought  uj)  to  liic  desired  amplitude 
with  as  few  preliminary  swings  as  possible  and  a  series  of  obsen.'ations 
taken  as  the  wire  came  to  rest.  In  the  second  experiment,  the  wire  was 
kept  vibrating  for  a  period  of  about  thirty  minutes  at  the  same  ampli- 
tude as  that  at  which  the  first  experiment  was  begun  before  taking  the 
series  of  observations.  The  third  experiment  consisted  in  repealing 
the  first  experiment  immediately  after  the  second  had  been  completed. 
The  results  appear  in  Tabic  III. 
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Table   III. 

Length  of  wire,  103.6  cm.     Diam.,  .25  mm.     Moment  of  inertia,  133  g.  cm^. 


No.  of 
Swing. 

Exp.  A. 

Initial  Amp.  35°.©. 

Temp.  ao°  5. 

Exp.  B. 

Initial  Amp.  35°.4- 

Temp.  2o°.5. 

Exp.  C. 

Initial  Amp.  38°.o. 

Temp.  20°.8. 

Period. 

Amplitude. 

Period.        1    Amplitude. 

Period. 

Amplitude, 

5 

5.236 

30.4 

5.244 

30.8 

5.247 

33.8 

10 

5.234 

26.3 

5.239 

26.5 

5.241 

29.3 

15 

5.230 

22.9 

5.234 

23.2 

5.235 

25.4 

20 

5.227 

20.0 

5.231 

20.1 

5.232 

22.1 

25 

5.224 

17.5 

5.228 

17.6 

5.230 

19.3 

30 

5.221 

15.5 

5.226 

15.3 

5.228 

16.9 

35 

5.219 

13.6 

5.225        i         13.5 

5.225 

14.9 

40 

5.217 

11.9 

5.222 

11.9 

5.222 

13.1 

45 

5.216 

10.6 

5.220 

10.5 

5.220 

11.5 

50 

5.214 

9.3 

5.218 

9.2 

5.217 

10.2 

55 

5.213 

8.3 

5.217 

8.2 

5.216 

9.0 

60 

5.213 

7.3 

5.216 

7.3 

5.215 

7.9 

65 

5.213 

6.5 

5.215 

6.5 

5.214 

7.0 

70 

5.212 

5.9 

5.214 

5.7 

5.214 

6.3 

75 

5.211 

5.3 

5.213 

5.1 

5.214 

5.6 

80 

5.210 

4.7 

5.213 

4.6 

5.214 

5.0 

85 

5.209 

4.1 

5.213 

4.0 

5.213 

4.4 

90 

5.209 

3.7 

5.213 

3.6 

95 

5.208 

3.3 

5.212 

3.2 

The  results  of  these  experiments  are  shown  graphically  in  Fig.  2, 
curves  A  and  B.  In  this  figure,  the  amplitudes  are  plotted  as  abscissae 
and  the  periods  as  ordinates.  In  curve  A,  we  have  the  results  of  ex- 
periment A  plotted  and  in  cur\^e  C,  the  results  of  B  and  C.  It  will  be 
noticed  that  in  all  three  cases  the  points  lie  very  nearly  in  a  straight  line. 
The  straight  line  marked  A  lies  somewhat  below  that  marked  B  but  the 
slope  of  the  two  lines  is  about  the  same.  This  would  indicate  that  the 
continued  vibration  which  the  wire  underw^ent,  before  the  observations 
in  B  were  taken,  has  increased  the  period  for  all  the  amplitudes  from  the 
maximum  to  the  lowest  for  which  readings  were  taken.  Curve  B  shows 
that  the  points  for  experiments  B  and  C  lie  very  nearly  on  the  same 
straight  line. 

To  determine  whether  or  not  the  results  are  the  same  when  the  wire 
is  kept  in  continual  vibration  at  a  larger  amplitude,  the  experiment 
was  repeated  using  an  initial  amplitude  of  about  190°.  This  amplitude 
is  slightly  under  that  permitted  by  the  elastic  limit  of  the  wire. 

The  results  of  these  experiments  are  shown  in  Fig.  3.  The  results 
are  quite  similar  to  those  found  in  the  preceding  experiment.  Fig.  3 
shows  the  curve  for  experiments  B  and  C  lying  above  that  for  A  and  the 
curves  for  B  and   C  coinciding.     These  experiments  indicate  that  the 
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wire  for  the  time  being  at  least  has  been  put  in  a  definite  state.  It  was 
determined,  as  a  result  of  these  experiments,  that  all  subsequent  series 
of  observations  should  be  taken  after  the  wire  had  been  kept  in  con- 
tinuous vibration  for  a  period  of  from  twenty  minutes  to  half  an  hour. 


L                                                         ■  ..J 

\ 

I  :     :.' 

, 

.    ■ 

1-          -r"' 

5:1 -/■ 

Fig.  3. 

Table   IV. 

Length  of  wire,  106  cm.     Diam.,  .25  mm.     Moment  of  inertia.  133  g.  cm*. 


Exp.W. 

Exr 

.  P. 

Exp.  C. 

Initial  Amp.  i84°.8. 

Initial  Amp.  igo^.s. 

Initial  Amp.  195° .0. 

No.  of 
Swing. 

Temp.  33°.a. 

Temp 

a3°-6. 

Temp,  ijp.n. 

Period.        1    Amplitude. 

Period. 

Amplitude. 

Period.       ;  Amplitude. 

5 

5.326              156.5 

5.328 

161.5 

5.329             165.8 

10 

5.321               127.9 

5.325 

131.7 

5.235             135.8 

15 

5.315               105.5 

5.318 

108.2 

5.320             111.8 

20 

5.306                87.6 

5.311 

89.7 

5.313               92.2 

25 

5.297                 73.1 

5.305 

74.7 

5.305               76.8 

30 

5.292                 61.3 

5.297 

62.2 

5.298               64.4 

35 

5.286        '          51.6 

5.291 

52.5 

5.291       ,        53.9 

40 

5.282        1         43.7 

5.287 

44.2 

5.286              45.7 

45 

5.279                 37.2 

5.281 

37.6 

5.282       ,        38.6 

50 

5.276                 31.8 

5.279 

32.0 

5.278       1        32.9 

55 

5.272                 27.1 

5.276 

27.3 

5.275               28.1 

60 

5.270                 23.3 

5.274 

23.6 

5.274              24.2 

65 

5.268                 20.3 

5.271 

20.5 

5.270               20.8 

70 

5.265                 17.4 

5.269 

17.6 

5.269               17.9 

75 

5.262                 15.2 

5.265 

15.3 

5.265               15.5 

80 

5.258                 13.2 

5.261 

13.3 

5.262               13.5 

85 

5.256                 11.6 

5.258 

11.6 

5.261                11.8 

90 

5.254        '          10.3 

5.256 

10.1 

5.258               10.4 

95 

5.252                   9.0 

5.254 

8.8 

5.256                 9.0 

100 

5.251                   7.9 

5.253 

7.8 

5.253                 7.9 

105 

5.249                   6.8 

5.252 

6.8 

5.251       ,          7.0 

110 

5.247                   6.0 

5.251 

6.3 

5.250       1          6.1 

115 

5.247                   5.2 

5.250 

5.6 

5.250                 5.3 

120 

5.246                   4.6 

5.250 

4.9 

5.249                 4.7 

125 

5.246                   4.1 

5.249 

4.3 

130 

5.246        1           3.6 
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The  logarithmic  decrements  for  the  various  ampHtudes  were  worked 
out  for  the  above  experiment  and  these  logarithmic  decrements  plotted 
against  the  corresponding  amplitudes  in  order  to  determine  the  effect 
of  continued  vibration  on  the  logarithmic  decrement.  The  results  are 
given  in  Table  V. 

Table   V. 


Exp.  A. 

Exp.  B. 

Exp.  C. 

No.  of 
Swings. 

Log.  Dec. 

Amp. 

No.  of 
Swings. 

Log.  Dec. 

Amp. 

No.  of 
Swings. 

Log.  Dec. 

Amp, 

8 

.0178 

156.5 

8 

.0179 

161.5 

8 

.0174 

165.8 

10 

.0170 

127.9 

10 

.0174 

131.5 

10 

.0171 

135.8 

10 

.0166 

105.5 

10 

.0167 

108.3 

10 

.0168 

111.8 

10 

.0160 

87.6 

10 

.0161 

89.7 

10 

.0163 

92.2 

10 

.0155 

73.1 

10 

.0159 

74.7 

10 

.0156 

76.8 

10 

.0151 

61.3 

10 

.0153 

62.2 

10 

.0154 

64.4 

10 

.0147 

51.6 

10 

.0148 

52.5 

10 

.0149 

53.9 

10 

.0142 

43.7 

10 

.0144 

44.2 

10 

.0145 

45.7 

10 

.0138 

37.3 

10 

.0140 

37.6 

10 

.0143 

38.6 

20 

.0137 

31.8 

20 

.0136 

32.0 

20 

.0139 

32.9 

20 

.0132 

27.1 

20 

.0132 

26.3 

20 

.0135 

28.1 

20 

.0128 

23.3 

20 

.0130 

23.6 

20 

.0132 

24.2 

20 

.0126 

20.3 

20 

.0127 

20.5 

20 

.0129 

20.9 

20 

.0123 

17.6 

20 

.0125 

17.6 

20 

.0127 

17.9 

20 

.0122 

15.3 

20 

.0124 

15.3 

20 

.0123 

15.5 

20 

.0116 

13.2 

20 

.0121 

13.3 

20 

.0119 

13.5 

20 

.0114 

11.6 

20 

.0120 

11.6 

20 

.0118 

11.8 

20 

.0111 

10.3 

20 

.0116 

10.1 

40 

.0117 

10.4 

20 

.0115 

7.9 

40 

.0108 

7.8 

40 

.0115 

7.9 

20 

.0113 

6.0 

40 

.0106 

5.6 

40 

.0112 

6.1 

20 

.0113 

4.6 

40 

.0109 

4.7 

20 

.0113 

3.6 

Fig.  4. 

In  the  above  table,  the  first,  fourth  and  seventh  columns  give  the 
number  of  swings  used  in  determining  the  mean  logarithmic  decrement. 
The  results  have  been  plotted  and  are  shown  in  Fig.  4.     It  is  seen  that 
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all  three  sets  of  points  lie  very  nearly  on  the  same  curve,  indicating  that 
the  continued  vibration  of  the  wire  has  had  little  if  anv  etTect  on  the 
logarithmic  decrement. 

IV.  Increasing  Amplitudes. 
Having  settled  upon  the  method  of  procedure,  the  first  experiment 
undertaken  was  to  determine  the  effect  of  the  initial  amplitude  upon  the 
behavior  of  the  wire.  For  this  purpose,  a  wire  of  .25  mm.  diameter  that 
had  not  been  used  in  any  experiment  before  was  hung  in  the  bracket 
with  a  50  g.  suspension  and  allowed  to  hang  in  position  for  one  day  before 
taking  the  first  series  of  observations.  In  the  succeeding  four  days, 
thereafter,  four  series  of  observations  were  taken,  one  on  each  day.  On 
the  first,, an  initial  amplitude  of  34°.4  was  used.  On  the  second  the  initial 
amplitude  was  84°. 2,  on  the  third  i3i°.o  and  on  the  last  189°. 5.  In  each 
case  the  wire  was  kept  vibrating  at  the  initial  amplitude  for  a  period  of 
from  20  to  30  minutes  before  beginning  the  experiment.  The  data  are 
contained  in  Table  VI. 

Table  VI. 

Length  of  wire,  103.6  cm.     Diam.,  .25  mm.     Moment  of  inertia,  133  g.  cm». 


No.  of 
Swing. 

Exp.  A. 

Init.  Amp.  34°.4. 

Temp.  ao°  5. 

Exp.  /.■. 

Init.  Amp.  8:.  4. 

Temp.  aa°.o. 

Exp.  C. 

Init.  Amp.  I3i°.a 

Temp.  aa°.5. 

Exp.  D. 

Init.  Amp.  loof.s 

Temp.  a3«.6. 

Per. 

Amp. 

Per. 

Amp. 

71.9 

Per. 

Amp. 

Per. 

Amp. 

5 

5.244 

30.8 

5.279 

5.305 

112.5 

5.328 

161.5 

10 

5.239 

26.5 

5.272 

60.6 

5.299 

93.3 

5.325 

131.7 

15 

5.234 

23.2 

5.266 

51.3 

5.291 

77.8 

5.318 

108.2 

20 

5.231 

20.1 

5.261 

43.7 

5.284 

65.1 

5.311 

89.7 

25 

5.228 

17.6 

5.256 

37.4 

5.279 

54.8 

5.305 

74.7 

30 

5.226 

15.3 

5.253 

32.1 

5.273 

46.5 

5.297 

62.2 

35 

5.225 

13.5 

5.250 

27.6 

5.271 

39.4 

5.291 

52.5 

40 

5.222 

13.5 

5.247 

23.9 

5.269 

33.7 

5.287 

44.2 

15 

5.220 

10.5 

5.245 

20.7 

5.263 

28.8 

5.281 

37.6 

50 

5.218 

9.2 

5.243 

18.0 

5.261 

24.8 

5.279 

32.0 

55 

5.217 

8.2 

5.241 

15.8 

5.258 

21.3 

5.276 

27J 

60 

5.216 

7.3 

5.240 

13.9 

5.254 

18.5 

5.274 

23.6 

65 

5.215 

6.5 

5.238 

12.0 

5.253 

16.1 

5.271 

20.5 

70 

5.214 

5.7 

5.236 

10.6 

5.250 

13.9 

5.269 

17.6 

75 

5.213 

5.1 

5.233 

9.4 

5.248 

12.2 

5.265 

15.3 

80 

5.213 

4.6 

5.231 

8.3 

5.247 

10.6 

5.261 

13.3 

85 

5.213 

3.6 

5.229 

7.3 

5.245 

9.4 

5.258 

11.6 

90 

5.213 

3.6 

5.227 

6.5 

5.244 

8.2 

5.256 

10.1 

95 

5.212 

3.2 

5.227 

5.7 

5.242 

7.2 

5.254 

8.8 

100 

5.226 

5.1 

5.240 

6.4 

5.253 

7.8 

105 

5.225 

4.5 

5.238 

5.7 

5.252 

6.8 

110 

5.225 

4.0 

5.237 

5.0 

5.251 

6.2 

115 
120 
125 

5.224 

3.6 

5.250 
5.250 
5.249 

5.6 
4.9 
4.3 
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In  Fig.  5  the  curves  A,  B,  C  and  D  are  the  period-amplitude  curves 
for  experiments  A,  B,  C  and  D.  It  will  be  observed  that  the  periods  in 
each  successive  curve  are  higher  than  the  corresponding  periods  of  the 
next  preceding  curve.  These  curves  are  in  many  respects  different  from 
those  obtained  by  Guthe  and  Sieg  with  the  platinum-iridium  wires.  In 
the  corresponding  experiment  with  the  platinum-iridium  wires,  while 
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Fig.  5. 


the  curves  for  the  experiments  performed  with  the  large  initial  amplitudes 
lay  above  those  for  the  small  amplitudes,  the  curves  seemed  to  start 
from  a  common  point,  which  is  not  the  case  with  the  curves  for  the 
bismuth  wires.  It  was  also  noticed  in  the  experiments  with  the  platinum- 
iridium  wires  that  at  large  amplitudes  the  periods  approached  a  certain 
maximum  value.  In  this  experiment  and  in  all  others  with  the  bismuth 
wires,  it  was  found  that,  while  the  curves  became  less  sceep  with  larger 
amplitudes,  no  maximum  was  reached.  However,  in  the  case  of  the 
bismuth  wires,  the  observations  are  limited  by  the  low  elastic  limit  to 
amplitudes  that  are  very  low  compared  to  those  used  with  the  platinum- 
iridium  wires,  so  that  it  may  be  that  the  curves  shown  in  the  figure 
correspond  to  those  portions  of  the  curves  for  the  platinum-iridium  wires, 
where  the  rate  of  increase  in  the  period  is  greatest.  Also  it  must  be 
remembered  that  in  the  experiment  with  the  platinum-iridium  wires 
the  wires  were  not  kept  in  continuous  vibration  before  taking  the  obser- 
vations. 

It  will  be  noticed  that  the  curves  for  the  bismuth  wires  have  very 
much  the  same  shape  and  slope.  The  chief  difference  in  the  successive 
curv'es  seems  to  be  one  of  displacement,  the  direction  of  displacement 
being  upward  for  the  larger  amplitudes. 

The  Logarithmic  Decrement. — The  logarithmic  decrements  for  these 
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observations  were  computed  and  plotted  as  ordinates  with  the  corre- 
sponding amplitudes  as  abscissa;.  The  results  are  given  in  Table  VII. 
and  the  cur\es  shown  in  Fig.  6.  The  curves  A,B,  C  and  D  corrcsix)nd 
to  experiments  A,  B,  C  and  D. 


/>'/' 


Fig.  6. 

It  is  found  that  in  all  the  curves  there  is  a  marked  decrease  in  the 
logarithmic  decrement  with  decrease  in  amplitude.  Here,  as  in  the 
period  amplitude  curves,  we  find  that  each  successive  curve  lies  above 
the  next  preceding  one.  These  results  would  indicate  that  the  greater 
twist  of  the  wire  through  the  large  amplitudes  increases  the  internal 
friction  and  that  this  increase  in  internal  friction  is  not  confined  to  the 
swings  of  larger  amplitude  but  persists  through  the  smaller  amplitudes. 

In  the  case  of  the  logarithmic  decrement-amplitude  cur\'es  we  again 
notice  a  striking  difference  from  the  corresponding  curves  for  the  plati- 
num-iridium  wires.  In  those  wires,  the  logarithmic  decrement  at  first, 
starting  with  the  large  amplitudes,  increased  slowly  to  a  maximum  value 
and  then  decreased  very  rapidly.  It  may  be  that  here,  too,  the  curve 
for  the  bismuth  wire  corresponds  to  that  portion  of  the  logarithmic 
decrement  curve  for  the  platinum-iridium  wires  where  the  amplitudes 
are  small  and  the  values  of  the  decrement  are  decreasing. 

Period  and  Vibration  Number  Curve. — For  the  last  of  the  abo\e  four  ob- 
servations, that  in  which  the  initial  amplitude  was  greatest,  the  periods 
were  plotted  as  ordinates  and  the  corresponding  vibration  numbers  as 
abscissae.  For  lack  of  space  this  curve  is  not  shown  here.  It  was  found 
however  that  this  curve  also  difTers  from  the  corresponding  curve  for  the 
platinum-iridium  wire.'  In  the  latter  case,  the  curve  starts  out  almost 
parallel  to  the  .r-axis,  then  bends  rapidly  downward,  and  finally  again 
approaches  a  horizontal  direction.  Neither  in  this,  nor  in  any  other  curve 
of  the  same  sort  for  the  bismuth  wire,  could  the  tendency  to  start  out  in  a 
direction  parallel  to  the  .r-axis  be  detected.  In  other  words,  the  curve 
is  convex  downward  throughout  its  length.     However,  here  again,  it  is 

» Sieg,  loc.  cit.,  p.  425. 
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Exp.  yl. 

Exp.  B. 

No.  of  Swings 

Log.  Dec. 

Amp. 

No.  of  Swings. 

Log.  Dec. 

Amp. 

8 

.0125 

30.8 

8 

.0148 

70.9 

10 

.0123 

26.5 

10 

.0147 

60.6 

20 

.0121 

23.2 

10 

.0142 

51.3 

20 

.0119 

20.1 

10 

.0137 

43.7 

20 

.0118 

17.6 

10 

.0134 

37.4 

20 

.0114 

15.3 

10 

.0132 

32.1 

20 

.0112 

13.5 

20 

.0128 

27.6 

40 

.0110 

11.9 

20 

.0126 

23.9 

40 

.0107 

9.2 

20 

.0121 

20.7 

40 

.0103 

7.3 

20 

.0118 

18.0 

40 

.0102 

5.7 

20 

.0115 

13.9 

40 

.0100 

4.6 

20 

.0112 

10.6 

40 

.0109 

8.3 

40 

.0106 

5.1 

Exp,  C. 

Exp.  £>. 

No.  of  Swings. 

Log.  Dec. 

Amp. 

No.  of  Swings. 

Log.  Dec. 

Amp. 

8 

.0164 

112.5 

8 

.0179 

161.5 

10 

.0162 

93.3 

10 

.0174 

131.7 

10 

.0156 

77.8 

10 

.0167 

108.2 

10 

.0152 

65.1 

10 

.0161 

89.7 

10 

.0146 

54.8 

10 

.0159 

74.7 

10 

.0143 

46.5 

10 

.0153 

62.2 

10 

.0139 

39.4 

10 

.0148 

52.5 

10 

.0136 

33.7 

10 

.0144 

44.2 

10 

.0133 

28.8 

10 

.0140 

37.6 

20 

.0130 

24.8 

20 

.0136 

32.0 

20 

.0126 

21.3 

20 

.0132 

26.3 

20 

.0125 

18.5 

20 

.0130 

23.6 

20 

.0121 

16.1 

20 

.0127 

20.5 

40 

.0120 

13.9 

20 

.0125 

17.6 

40 

.0115 

10.6 

20 

.0124 

15.3 

40 

.0111 

8.2 

20 

.0121 

13.3 

40 

.0109 

6.4 

20 

.0120 

11.6 

20 

.0116 

10.1 

40 

.0108 

7.8 

40 

.0106 

5.6 

that  portion  of  the  curve  for  the  platinum-iridium  wires  that  corresponds 
to  the  higher  ampHtudes  that  is  missing  in  the  curves  for  the  bismuth 
wires. 

In  one  other  respect  does  the  action  of  the  bismuth  wire  differ  from 
the  platinum-iridium  wire.  In  the  case  of  the  platinum-iridium  wires, 
it  was  found  that  the  wire  made  a  larger  number  of  vibrations  in  coming 
to  rest  when  started  with  small  amplitudes  than  when  started  with 
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larger  amplitudes.  Thus  when  the  pUuinuin-iridiuiu  wire  was  .siarlcd 
with  an  initial  amplitude  of  364.3  degrees,  it  required  125  swings  to  fall 
to  5  degrees,  while,  when  the  wire  was  started  with  an  initial  anii)liiudc 
of  14.3  degrees,  200  swings  were  required  for  the  amplitude  to  fall  u>  6.15 
degrees.!  This  same  effect  can  be  noted  in  the  bismuth  wires  but  not 
in  anything  like  the  same  degree.  In  e.xperiment  A  above,  in  which  the 
initial  ampHtude  was  34° .4,  it  required  89  vibrations  f'.)r  the  amplitude 
to  fall  to  3.6  degrees.  In  experiment  D  in  which  the  initial  amplitude 
was  190.5  degrees,  it  required  only  80  vibrations  to  cover  the  same 
interval. 

V.   Effect  of  Changing  the  Moment  of  Inertia. 
The  next  experiment  undertaken  was  to  determine  the  effect  of  chang- 
ing the  moment  of  inertia  of  the  vibrating  system  on  the  period-amplitude 
curve  and  on  the  logarithmic  decrement  curve.     For  this  pur|>ose,  a  wire 
.5  mm.  in  diameter  and  95.7  cm.  in  length  was  used.     Three  experiments 


Table  VIII. 

Diam.    of   wire,    .5    mm.     Length.    95.7    cm. 


No.  of 

Swing. 


5 

10 
IS 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 
95 
100 
105 
110 


Exp.  A.  

Mom.  of  Iner.  1,299  g-  cm«. 

Mass  150  g.    Initial  Atnp. 

89°. 4.    Temp.  26°.o. 


Period. 


4.214 
4.207 
4.200 
4.193 
4.186 
4.181 
4.177 
4.174 
4.171 
4.168 
4.165 
4.162 
4.160 
4.158 
4.156 
4.155 
4.153 
4.151 
4.150 
4.148 
4.147 
4.147 


Amplitude. 


77.1 

64.2 

54.0 

45.3 

38.2 

33.3 

27.5 

23.5 

19.9 

17.2 

14.8 

12.7 

10.9 

9.5 

8.1 

7.1 

6.2 

5.5 

4.8 

4.2 

3.7 

3.2 


Exp.    ..  Exp.  C.  

Mom.  of  Iner.  i,88j  g.  cm-.  Mom.  of  Iner.  I,4s6r-  em*. 
Mas*  300  g.     Initial  Amp.  Mass  aoo  g.     Initial 

86°.5.    Temp.  96°.o.  Amp.  Sa^.g.    Temp.  aj-'.S. 


Period. 


5.075 
5.068 
5.062 
5.054 
5.048 
5.043 
5.037 
5.033 
5.029 
5.026 
5.024 
5.022 
5.019 
5.015 
5.012 
5.010 
5.006 
5.004 
5.002 
5.000 
5.000 


Amplitude. 


74.2 
61.8 
51.6 
43.3 
36.5 
30.8 
26.1 
22.1 
19.0 
16.3 
14.0 
12.1 
10.5 
9.1 
8.0 
6.9 
6.1 
5.3 
4.7 
4.1 
3.7 


Period. 

Amplitude. 

4.471 

71.3 

4.464 

59.4 

4.459 

49.6 

4.453 

41.6 

4.449 

35.1 

4.445 

29.8 

4.441 

25.2 

4.437 

21.7 

4.433 

18.4 

4.428 

15.7 

4.425 

13.5 

4.423 

11.8 

4.419 

10.2 

4.417 

8.9 

4.415 

7.8 

4.413 

6.8 

4.410 

5.9 

4.409 

5.2 

4.407 

4.2 

4.4U5 

3.9 

1  Guthe  and  Sieg,  loc.  cit.,  p.  617. 


no 


J.  E.  HARRIS. 


[Vol.  XXXV. 


were  carried  out,  A,  with  a  suspended  weight  having  a  mass  of  150  g.  and 
a  moment  of  inertia  of  1,299  g-  cm^;  B,  with  a  weight  of  200  g.  and  a 
moment  of  inertia  of  1,882  g.  cm-;  and  C,  with  a  weight  of  200  g.  and  a 
moment  of  inertia  of  1,456  g.  cm^.  By  comparing  experiments  A  and  B, 
it  was  possible  to  determine  the  effect  of  a  change  in  both  the  moment  of 
inertia  and  the  mass  of  the  suspended  weight.  By  comparing  B  and  C, 
it  was  possible  to  determine  the  effect  of  changing  the  moment  of  inertia 
only.     The  results  are  shown  in  Table  VIII. 

The  period-amplitude  curves  are  of  the  same  general  appearance  as 
those  found  in  the  experiments  described  above.  In  these  experiments, 
it  was  found  necessary  to  use  smaller  amplitudes  since  the  wire  had  a 
lower  elastic  limit  than  the  one  of  smaller  cross-sectional  area  used  in  the 
earlier  experiments. 

Table  IX. 

B  factor  =  .8813.  A  factor  =  1.0615. 


Old  Period. 

New  Period. 

Amplitude. 

Old  Period. 

New  Period. 

Amplitude. 

5.975 

4.473 

74.2 

4.214 

4.473 

77.1 

5.068 

4.466 

61.8 

4.207 

4.465 

64.2 

5.062 

4.461 

51.6 

4.200 

4.458 

54.0 

5.054 

4.454 

43.3 

4.193 

4.451 

45.3 

5.048 

4.449 

36.5 

4.186 

4.443 

38.1 

5.043 

4.444 

30.8 

4.181 

4.438 

33.4 

5.037 

4.439 

26.1 

4.177 

4.434 

27.5 

5.033 

4.436 

22.1 

4.174 

4.430 

23.5 

5.029 

4.432 

19.0 

4.171 

4.427 

19.9 

5.026 

4.429 

16.3 

4.168 

4.424 

17.1 

5.024 

4.428 

14.0 

4.165 

4.421 

14.8 

5.022 

4.426 

12.2 

4.162 

4.418 

12.7 

5.019 

4.423 

10.3 

4.160 

4.416 

10.9 

5.015 

4.420 

9.1 

4.158 

4.413 

9.5 

5.012 

4.417 

8.0 

4.156 

4.411 

8.1 

5.010 

4.415 

6.9 

4.155 

4.410 

7.1 

5.006 

4.412 

6.1 

4.153 

4.408 

6.2 

5.004 

4.410 

5.3 

4.151 

4.406 

5.5 

5.002 

4.408 

4.7 

4.150 

4.405 

4.8 

5.000 

4.407 

4.2 

4.148 

4.404 

4.2 

5.000 

4.407 

3.7 

4.147 

4.402 

3.7 

4.147 

4.402 

3.2 

In  order  to  afford  a  means  of  comparison  for  the  three  curves,  the  three 
series  of  observations  were  all  reduced  to  the  same  period,  that  of  experi- 
ment C.  To  do  this,  the  three  curves  were  produced  until  they  cut  the 
3'-axis  and  from  these  points  of  intersection,  a  reduction  factor  was 
obtained.  All  the  values  for  the  periods  of  the  curve  to  be  reduced 
were  then  multiplied  by  this  factor.  This  operation  will  have  the  effect 
of  making  the  two  cur\-es  to  be  compared  start  with  the  same  period  at 
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zero  amplitude.  In  Table  IX.  are  shown  the  results  tor  experinieius  .1 
and  B  reduced  in  the  manner  described  above  so  as  to  correspond  lo  that 
of  C. 

These  reduced  values  were  plotted  and  the  curves  are  shown  in  Fig.  7, 
Curve  A  represents  the  results  for  experiment  A  and  curve  C  the  results 
for  experiments  B  and  C.     It  is  found  from  Fig.  7,  that  the  curve  for 
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Fig.  7. 

experiment  A  starts  and  finishes  at  about  the  same  places  as  that  for 
experiment  C,  but  the  middle  portion  lies  quite  a  little  below  that  for  C. 
In  other  words,  the  curve  for  A  is  much  flatter  than  that  for  C.  On  the 
other  hand,  the  curves  for  B  and  C  very  nearly  coincide.  In  fact,  the 
variation  in  position  of  the  two  sets  of  points  in  the  combined  curve  is  no 
greater  than  the  variation  in  the  position  of  the  points  in  either  curve  con- 
sidered alone.  When  we  remember  that  in  observations  A  and  C,  both 
the  mass  of  the  vibrating  system  and  its  moment  of  inertia  were  varied, 
while  in  B  and  Conly  the  moment  of  inertia  was  varied,  we  must  conclude 
that,  if  we  keep  the  stress  to  which  the  wire  is  subjected  constant,  the 
period  will  be  the  same  function  of  the  amplitude  no  matter  what  the 
moment  of  inertia,  while  if  the  stress  as  well  as  the  moment  of  inertia  is 
varied,  the  period  will  be  a  different  function  of  the  amplitude. 

From  the  formula  for  the  period,  T  =  2v  ^f/T,  we  should  expect  the 
reduction  factor  in  each  case  to  be  equal  to  the  square  root  of  the  ratio 
of  the  corresponding  moments  of  inertia.  The  reduction  factor  for 
reducing  observation  A  to  observation  C  is  1.061.  The  value  of  "^IaI^b 
is  1.059.  The  reduction  factor  for  reducing  C  to  5  is  .881  while  the  value 
of  ^IbIIc  =  879.  When  we  remember  that  the  factors  here  given  were 
obtained  from  the  curves,  the  agreement  is  remarkably  close. 

For  lack  of  space  the  curves  showing  the  relation  between  the  logarith- 
mic decrements  and  amplitudes  in  this  experiment  are  not  shown  but  it 
was  found  that  here  again  we  have  a  very  good  agreement  between  the 
curves  for  experiments  B  and  C  while  the  curve  for  experiment  A  differs 
to  quite  a  marked  extent  from  the  other  two,  the  curve  for  experiment  A 
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lying  below  that  for  experiments  B  and  C.  This  difference  is  especially 
noticeable  in  that  portion  of  the  curve  corresponding  to  the  larger  ampli- 
tudes. This  indicates  that  the  shape  of  the  logarithmic  decrement- 
amplitude  curve  is  also  independent  of  the  moment  of  inertia  of  the 
suspended  weight  but  does  depend  upon  the  stress  to  which  the  wire  is 
subjected.  The  effect  of  increasing  the  mass  of  the  vibrating  system  is 
to  increase  the  values  for  the  logarithmic  decrement  especially  for  the 
higher  amplitudes. 

VI.   The  Effect  of  Variation  in  the  Length  of  the  Wire. 
For  determining  the  effect  of  a  variation  in  the  length  of  the  wire 
upon  the  period-amplitude  cur\-e,  a  wire  .25  mm.  in  diameter  was  used. 
Observations  were  taken  using  three  different  lengths:  the  first  104.8  cm., 
the  second  82.0  cm.  and  the  third  62.6  cm. 

In  all  three  cases,  a  cylinder  weighing  50  g.  and  having  a  moment  of 
inertia  of  133  g,  cm^.  was  used.  The  results  obtained  are  given  in 
Table  X. 

Table  X. 

Diam.,  .25  mm.     Moment  of  inertia,  133  g.  cm^. 


No.  of 
Swing:. 

Exp.  A. 
Length  104.8  cm.     Initial 
Amp.  i75°.4.    Temp.  26°.o. 

Exp.  B. 
Length  84.0  cm.    Initial 
Amp.  1360.9.     Temp.  260.5. 

Exp.  C. 

Length  62.6  cm.     Initial 

Amp.  io5°.3.    Temp.  37°.o. 

Period. 

Amplitude. 

Period. 

Amplitude. 

Period. 

Amplitude. 

5 

5.306 

149.1 

4.734 

116.1 

4.131 

88.8 

10 

5.296 

121.5 

4.725 

94.5 

4.126 

72.3 

15 

5.290 

100.0 

4.717 

77.2 

4.120 

59.6 

20 

5.283 

82.6 

4.710 

63.7 

4.115 

49.2 

25 

5.277 

68.7 

4.704 

52.7 

4.109 

40.8 

30 

5.271 

57.2 

4.699 

43.9 

4.104 

34.1 

35 

5.265 

47.9 

4.695 

36.6 

4.100 

28.5 

40 

5.260 

40.3 

4.690 

30.7 

4.097 

24.0 

45 

5.256 

33.9 

4.686 

25.8 

4.094 

20.2 

50 

5.252 

28.9 

4.682 

21.9 

4.091 

17.3 

55 

5.248 

24.5 

4.679 

18.5 

4.089 

14.7 

60 

5.245 

21.0 

4.675 

15.8 

4.085 

12.6 

65 

5.242 

17.8 

4.673 

13.6 

4.082 

10.8 

70 

5.239 

15.4 

4.670 

11.6 

4.080 

9.2 

75 

5.237 

13.3 

4.668 

9.9 

4.078 

8.1 

80 

5.235 

11.5 

4.667 

8.6 

4.076 

7.0 

85 

5.233 

9.9 

4.666 

7.4 

4.075 

6.1 

90 

5.232 

8.6 

4.664 

6.5 

4.073 

5.3 

95 

5.231 

7.5 

4.663 

5.6 

4.072 

4.5 

100 

5.230 

6.5 

4.662 

4.9 

4.070 

4.0 

105 

5.230 

5.6 

4.661 

4.3 

4.069 

3.5 

110 

5.229 

5.0 

4.068 

3.1 

115 

5.228 

4.4 

4.067 

2.7 

120 

5.227 

3.8 
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In  this  case,  as  in  the  determination  of  the  effect  of  a  change  in  moment 
of  inertia,  it  is  necessary  to  reduce  all  experiments  to  the  same  period  in 
order  to  obtain  a  basis  for  comparison.  Experiment  B  was  chosen  as 
the  basis  for  the  comparison  and  the  periods  in  the  other  two  series 
reduced  to  this.  The  factors  for  reduction  were  obtained  in  the  same 
way  as  before,  that  is,  by  determining  the  points  of  intersection  of  the 
curves  with  the  3'-axis.  In  this  way,  the  curves  will  all  start  with  the 
same  period  at  zero  amplitude.  The  reduced  values  for  experiments 
A  and  C  are  given  in  Table  XI. 


Table  XI, 


A  factor  =  .8912. 


C  factor  =  1.1458. 


Old  Period. 

New  Period. 

Amplitude. 

Old  Period. 

New  Period. 

Amplitude. 

5.306 

4.729 

149.1 

4.131 

4.733 

88.8 

5.296 

4.720 

121.5 

4.126 

4.727 

72.5 

5.290 

4.715 

100.0 

4.120 

4.720 

59.6 

5.283 

4.708 

82.6 

4.115 

4.715 

49.2 

5.277 

4.703 

68.7 

4.109 

4.708 

40.8 

5.271 

4.698 

57.2 

4.104 

4.702 

34.1 

5.265 

4.692 

47.9 

4.100 

4.698 

28.5 

5.260 

4.688 

40.3 

4.097 

4.694 

24.0 

5.256 

4.684 

33.9 

4.094 

4.691 

20.2 

5.252 

4.680 

28.9 

4.091 

4.687 

17.3 

5.248 

4.677 

24.5 

4.089 

4.684 

14.7 

5.245 

4.674 

21.0 

4.085 

4.680 

12.6 

5.242 

4.672 

17.8 

4.082 

4.677 

10.8 

5.239 

4.669 

15.4 

4.080 

4.675 

9.2 

5.237 

4.667 

13.3 

4.078 

4.672 

8.1 

5.235 

4.665 

11.5 

4.076 

4.670 

7.0 

5.233 

4.664 

9.9 

4.075 

4.669 

6.1 

5.232 

4.663 

8.6 

4.073 

4.667 

5.3 

5.231 

4.662 

7.5 

4.072 

4.665 

4.5 

5.230 

4.661 

6.5 

4.070 

4.663 

4.0 

5.230 

4.661 

5.6 

4.069 

4.662 

3.5 

5.229 

4.660 

5.0 

4.068 

4.661 

3.1 

5.228 

4.659 

4.4 

4.067 

4.660 

2.7 

5.227 

4.658 

3.8 





In  reducing  the  results  of  experiments  A  and  C  to  compare  with  those 
of  B,  we  should  expect  the  factor  in  each  case  to  be  equal  to  the  ratio 
of  the  square  roots  of  the  lengths,  since  the  period  of  vibration  varies 
as  the  square  root  of  the  length.  The  factor  for  the  reduction  of  the 
data  of  experiment  A  to  those  of  experiment  B  is.  8912.  The  value 
VZT/I^  is  .8846,  giving  a  difference  of  .0066.  The  factor  for  the  reduc- 
tion of  C  to  5  is  1. 1458.  The  value  of  VUZl;  =  I.I445.  giving  a 
difference  of  .0013. 
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For  lack  of  space  the  curves  for  these  results  are  not  shown  but  it  was 
found  that  the  curs-es  did  not  coincide  in  this  case  as  they  did  in  the 
moment  of  inertia  experiment.  The  curves  for  the  shorter  lengths  were 
found  to  be  much  steeper  than  for  the  longer  length.  The  amounts  of 
decrease  in  period  were  about  the  same  in  all  three  cases.  It  must  be 
remembered,  however,  that  in  this  experiment  we  are  not  comparing 
corresponding  points  in  the  wire.  That  is  to  say,  the  point  whose  arc 
of  vibration  we  are  measuring  in  experiment  C  would  vibrate  through  a 
much  larger  arc  for  the  same  amount  of  twist  in  the  wire,  if  the  point 
were  at  the  end  of  a  longer  wire  such  as  we  have  in  experiment  A .  For 
this  reason,  a  reduction  factor  must  be  applied  to  the  amplitudes  as 
well  as  to  the  period.  These  reduction  factors  were  obtained  by  com- 
paring the  amplitudes  corresponding  to  the  same  period  in  the  two 
cur^^es  under  consideration.  All  the  amplitudes  in  the  given  experiment 
were  then  multiplied  by  this  reduction  factor.  In  this  reduction,  experi- 
ment B  was  taken  as  the  standard  and  the  amplitudes  of  A  and  C  reduced 
so  as  to  correspond.  The  reduced  results  for  experiments  A  and  C  are 
shown  in  Table  XII. 

Table  XII. 


Experiment  .4 .     Factor  =  .732. 


Experiment  C.     Factor 


Old  Amp. 

New  Amp. 

1        Period. 

Old.  Amp. 

i       New  Amp. 

Period. 

149.1 

110.1 

4.729 

88.8 

128.7 

4.733 

121.5 

88.9 

'        4.720 

72.5 

105.1 

4.727 

100.0 

73.2 

4.715 

59.6 

86.4 

4.720 

82.6 

60.5 

4.708 

49.2 

71.1 

4.715 

68.7 

50.3 

4.703 

40.8 

59.2 

4.708 

57.2 

42.4 

4.698 

34.1 

49.4 

4.702 

47.9 

35.1 

4.692 

28.5 

41.3 

4.698 

40.3 

29.5 

4.688 

24.0 

34.8 

4.694 

33.9 

24.8 

4.684 

20.2 

29.3 

4.691 

28.9 

21.1 

4.680 

17.3 

25.0 

4.687 

24.5 

17.9 

4.677 

14.7 

21.3 

4.684 

21.0 

15.4 

4.674 

12.6 

18.3 

4.680 

17.8 

13.0 

4.672 

10.8 

15.7 

4.677 

15.4 

11.3 

4.669 

9.2 

13.3 

4.675 

13.3 

9.6 

4.667 

8.1 

11.7 

4.672 

11.5 

8.1 

4.665 

7.0 

10.2 

4.670 

9.9 

7.2 

4.664 

6.1 

8.8 

4.669 

8.6 

6.3 

4.663 

5.3 

7.7 

4.667 

7.5 

5.5 

4.662 

4.5 

6.5 

4.665 

6.5 

4.7 

4.661 

4.0 

5.8 

4.663 

5.6 

4.1 

4.661 

3.5 

5.1 

4.662 

5.0 

3.7 

4.660 

3.1 

4.5 

4.661 

4.4 

3.2 

4.659 

2.7 

3.9 

4.660 

3.8 

2.8 

4.658 

1 
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The  curves  obtained  from  these  results  together  wiih  the  original  cur\e 
for  experiment  B  are  shown  in  Fig.  8.     We  see  from  that  figure  that  we 

have  a  remarkably  cl  "  -■  -  ■-' ■■-'  ''■•■•  ■    •■  •'■'   •'••  :       •<  of  points. 
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Hi 

>'■ 

L 

Fig.  8. 

If  the  curves  for  these  experiments  were  straight  lines,  we  would  expect 
the  reduction  factors  for  the  amplitudes  to  be  equal  to  the  ratio  of  the 
lengths.  As  it  is  they  are  quite  different.  The  reduction  factor  for 
changing  ^  to  5  is  .732  while  the  ratio  of  the  lengths  is  .782.  The  reduc- 
tion factor  for  the  amplitudes  of  C  is  1.450,  while  the  ratio  of  the  lengths 
is  1.310. 

We  must  conclude  from  the  fact  that  by  merely  applying  constant 
factors  to  the  two  variables  in  these  observations,  the  three  curves  can 
be  made  to  coincide,  that  the  period  in  each  case  is  the  same  function  of 
the  amplitude.  It  also  indicates  that  the  wire  is  uniform  throughout  its 
length  and  that  its  peculiar  behavior  is  not  due  to  any  particular  portion 
of  the  wire. 


\II.   The  Effect  of  \'ariation  in  Diameter  on  the  Pkriod- 
Amplitlde  Curve  and  the  Logarithmic  Decrement- 
Amplitude  Curve. 
To  determine  the  eflfect  of  varying  the  diameter  of  the  wires  u\Mn\  the 
period -amplitude  curve  and  the  logarithmic  decrement-amplitude  curve, 
two  wires  of  different  diameter  were  used  with  suspendetl  weights  of  such 
a  mass  that  the  stress  to  which  the  wire  was  subjected  was  the  same  in 
both  cases. 

In  this  experiment,  the  wires  were  of  .25  mm.  and  .5  mm.  in  diameter 
respectively.  Since  the  cross-sectional  area  of  the  first  was  one  fourth 
that  of  the  second,  the  mass  of  the  suspended  weight  in  the  first  case 
was  one  fourth  that  in  the  second.  Masses  of  50  g.  and  200  g.  respectively 
were  used. 
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Table  XIII. 


Exp.  A. 

Exp.  C. 

No.  of  Swing. 

Diam.  .25  mm.     Length  97.9  cm. 

Mass  50 g.     Moment  of  Inertia  133  g.  cm2. 
Temp.  28°. I. 

Diam.  .5  mm.     Length  97.9  cm. 

Mass  200  g.     Moment  of  Inertia 

1,456  g.  cm-.     Temp.  26°.o. 

Period. 

Amplitude. 

Period. 

Amplitude. 

5 

5.320 

142.4 

4.521 

72.9 

10 

5.309 

114.7 

4.514 

60.7 

15 

5.299 

92.7 

4.509 

50.7 

20 

5.292 

75.6 

4.503 

42.8 

25 

5.285 

62.1 

4.499 

35.9 

30 

5.279 

51.2 

4.496 

30.5 

35 

5.274 

42.4 

4.491 

25.8 

40 

5.268 

35.3 

4.487 

22.2 

45 

5.263 

29.6 

4.483 

18.8 

50 

5.259           j               24.9 

4.478 

16.1 

55 

5.256 

21.2 

4.475 

13.8 

60 

5.253 

17.9 

4.472 

12.1 

65 

5.251                         15.4 

4.468 

10.4 

70 

5.249           I               13.1 

4.466 

9.1 

75 

5.246           1               11.3 

4.464 

8.0 

80 

5.243                           9.3 

4.462 

7.0 

85 

5.241           !                 8.4 

4.459 

6.0 

90 

5.239 

7.2 

4.458 

5.3 

95 

5.238 

6.2 

4.457           ;               4.6 

100 

5.237 

5.4 

4.456 

4.0 

105 

5.236 

4.8 

110 

5.235 

4.1 

115 

5.235 

3.6 

120 

5.234 

3.2 

In  this  experiment,  it  was  necessary  to  use  a  smaller  initial  amplitude 
for  the  wire  of  large  diameter  than  for  the  one  of  small  diameter  because 
of  the  lower  elastic  limit  in  the  one  case  than  in  the  other.     Of  course, 


Fig.  9. 

here  again,  we  must  apply  a  reduction  factor  to  the  periods  in  order  to 
afford  a  basis  of  comparison.     This  was  done,  the  factor  being  obtained 
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in  the  same  way  as  before.  Experiment  A  was  taken  as  the  standard  and 
B  reduced  to  correspond. 

The  factor  for  reducing  the  period  should  theoretically  be  equal  to  the 
inverse  ratio  of  the  squares  of  the  diameters  multiplied  by  the  ratio  of 
the  square-roots  of  the  moments  of  inertia.  This  ojieration  gives  a 
factor  of  1.208,  while  that  found  from  a  comparison  of  the  cur\es  was 
1. 176. 

If  a  second  reduction  factor  be  applied  to  the  amplitudes  it  is  found 
that  the  cur^•es  coincide.  These  reduced  results  arc  shown  in  Table  XI\'. 
and  the  two  sets  of  points  are  plotted  in  Fig.  9. 

Table  XIV. 

Factor  =  2.12. 


Old  Amp. 

New  Amp. 

Period. 

Old  Amp. 

New  Amp. 

Period. 

72.9 

154.5 

5.320 

13.8 

29.2 

5.265 

60.7 

128.7 

5.311 

12.1 

2S.7 

5.263 

50.7 

107.5 

5.305 

10.4 

22.5 

5.258 

42.8 

90.7 

5.298 

9.1 

19.3 

5.255 

35.9 

76.1 

5.293 

8.0 

17.0 

5.253 

30.5 

64.7 

5.289 

7.0 

14.9 

5.250 

25.8 

54.7 

5.284 

6.0 

13.2 

5.247 

22.2 

47.1 

5.279 

5.3 

11.2 

5.245 

18.8 

39.9 

5.274 

4.6 

9.8 

5.243 

16.1 

34.1 

5.269 

4.0 

8.0 

5.241 

From  the  fact  that  the  cur\  es  for  the  two  observations  can  be  made 

to  coincide  by  applying  constants  to  the  two  variables,  we  must  conclude 
that  when  the  stress  to  which  the  wire  is  subjected  is  kept  constant,  the 
period  is  the  same  general  function  of  the  amplitudes  no  matter  what  the 
diameter  of  the  wire. 


fiZO 

•- 
;■ 

.o<e 

01: 

Kii-  lU. 
The  Logarithmic  Decrement- Am plilude  Curve.— The  logarithmic  decre- 
ments in  these  two  experiments  were  computed  and  plotted  against  the 
corresponding  values  of  the  amplitudes.     The  results  of  these  computa- 
tions are  shown  in  Table  X\'.  and  the  cur\-es  in  Fig.  10. 
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Table  XV. 


Exp.  A. 

Exp.  B. 

No.  of  Swings. 

Log.  Dec. 

Amplitude. 

No.  of  Swings. 

Log.  Dec. 

Amplitude. 

8 

.0191 

142.2 

8 

.0161 

71.3 

10 

.0186 

114.7 

10 

.0158 

59.4 

10 

.0181 

92.7 

10 

.0153 

49.6 

10 

.0174 

75.6 

10 

.0150 

41.8 

10 

.0169 

62.1 

10 

.0147 

35.1 

10 

.0166 

51.2 

20 

.0143 

29.8 

10 

.0161 

42.4 

20 

.0141 

25.2 

10 

.0156 

35.3 

20 

.0139 

21.7 

10 

.0152 

29.6 

20 

.0136 

18.4 

20 

.0147 

24.9 

20 

.0133 

15.7 

20 

.0142 

21.2 

20 

.0128 

13.5 

20 

.0140 

17.9 

40 

.0126 

11.8 

20 

.0137 

15.4 

40 

.0120 

8.9 

20 

.0133 

13.1 

40 

.0118 

6.8 

20 

.0130 

9.7 

20 

.0127 

7.2 

20 

.0122 

5.4 

20 

.0117 

4.1 

It  will  be  noticed  from  Fig.  lo  that  while  the  logarithmic  decrement 
curves  start  from  about  the  same  point,  the  one  for  the  small  diameter 
is  steeper  than  that  for  the  wire  of  larger  diameter. 

Summary. 

1 .  The  elastic  properties  of  bismuth  wires  have  been  investigated  and 
it  has  been  found  that  they  display  some  of  the  same  peculiar  properties 
shown  by  the  platinum-iridium  wires  investigated  by  Guthe  and  Sieg. 
When  the  wires  were  vibrated  torsionally,  the  period  of  vibration  and  the 
logarithmic  decrement  were  found  to  decrease  enormously  with  the 
decrease  in  amplitude.  The  curves  for  the  bismuth  wires  representing 
the  relations  between  (a)  the  period  and  amplitude,  (b)  the  logarithmic 
decrement  and  amplitude,  and  (c)  the  period  and  vibration  number,  were 
found  to  be  lacking  in  certain  characteristics  found  in  the  corresponding 
curves  for  the  platinum-iridium  wires.  These  characteristics  were  for 
the  most  part,  however,  found  at  amplitudes  for  the  platinum-iridium 
wires  that  could  not  be  reached  with  the  bismuth  wires,  because  of  the 
low  elastic  limit  of  the  latter. 

2.  It  was  found  that,  in  two  experiments  in  which  the  mass  of  the 
vibrating  system  was  kept  constant  but  the  moment  of  inertia  varied, 
the  period-amplitude  curves  in  the  two  cases  could  be  made  to  coincide 
by  applying  a  reduction  factor  to  the  periods  in  one  set  of  observations. 
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This  reduction  factor  was  found  to  be  equal  to  the  ratio  of  the  square  roots 
of  the  moments  of  inertia  used  in  the  two  experiments.  This  indicates 
that  the  mathematical  relation  between  the  period  and  amplitude  does 
not  depend  upon  the  rapidity  of  motion  of  the  vibrating  system.  The 
logarithmic  decrement-amplitude  curves  in  the  two  cases  were  found  to 
coincide. 

If  the  load  as  well  as  the  moment  of  inertia  was  varied,  it  was  found 
that  when  the  proper  reduction  factor  was  applied  to  the  peri(xls,  the  two 
curves  did  not  coincide,  the  curve  corresponding  to  the  vibrating  system 
having  the  smaller  mass  being  flatter  than  the  other.  The  cur\-cs  for 
the  logarithmic  decrement  did  not  coincide,  the  greater  values  for  the 
logarithmic  decrement  being  found  in  the  case  in  which  the  mass  of  the 
suspended  weight  was  greatest. 

3.  When  the  length  of  the  wire  was  varied,  it  was  found  .hat  by  apply. 
ing  reduction  factors  to  the  periods  and  amplitudes,  the  period-amplitutle 
curves  for  the  different  experiments  could  be  made  to  coincide,  indicating 
thac  the  period  is  the  same  general  function  of  the  amplitude  in  all  cases. 
This  also  indicates  that  the  wire  is  uniform  throughout  its  length  and 
that  its  peculiar  behavior  is  not  due  to  any  particular  section  of  the  wire- 

4.  Two  wires  of  different  diameter  were  used  with  suspended  weights 
of  such  a  mass  that  the  stresses  to  which  the  wires  were  subjected  were 
the  same  in  each  case.  In  this  experiment,  also,  by  applying  the  projicr 
factors  to  the  amplitudes  and  periods  the  curves  could  be  made  to  co- 
incide. The  logarithmic  decrement  cur\'e  for  the  smaller  wire  was  found 
to  lie  above  that  for  the  wire  of  larger  diameter,  indicating  a  greater 
damping  effect  in  the  former. 

In  conclusion,  the  writer  wishes  to  express  his  apiireciation  of  the 
helpful  advice  and  kindly  interest  of  Prof.  K.  E.  Guthe,  at  whose  sug- 
gestion this  investigation  was  undertaken. 
Physical  Laboratory, 

University  of  Michigan. 
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NOTES  ON   oriK  AL   CONS  IAN  TS  ()!•    .MlilALS. 

By  J.  T.  LrriLKTON.  Jr. 

Introduction. 

I  "HIS  work  consists  in  the  determination  of  the  values  of  the  optical 

-*-  constants,  that  is,  n  the  refractive  index  and  k  the  absorptive  index, 
for  silicon  and  ductile  tungsten,  and  a  study  of  the  effect  of  heat  treatments 
on  different  steels.  Observations  have  been  made  on  silicon  and  tungsten 
by  von  Wartenberg'  and  on  silicon  by  Ingcrsoll  and  Littleton.'  The 
specimens  used  in  this  investigation  are  much  purer  than  the  one  used 
by  von  Wartenberg,  and,  in  addition  to  observations  (by  another 
method),  on  the  same  piece  studied  by  Ingersoll  and  Littleton  measure- 
ments are  made  on  a  piece  with  a  different  cr>'stalline  structure,  and 
on  one  showing  the  Hall  and  thermo-electric  effects  in  a  direction  dif- 
ferent from  the  others.  The  metallic  tungsten  used  in  this  work  is  of  an 
entirely  different  form  from  the  one  used  by  von  Wartenberg. 

Many  observers  have  measured  the  optical  constants  of  steel,  but 
with  no  concordance  of  results.  This  lack  of  agreement  among  different 
experimenters  must  be  largely  due  to  the  fact  that  measurements  were 
made  on  specimens  of  entirely  different  carbon  content  and  having  no 
similarity  as  regards  heat  treatment. 

Hagen  and  Rubens^  give  the  values  of  55.4  per  cent,  for  the  reflecting 
power  of  soft  steel  and  of  60.0  per  cent,  for  hard  steel  for  light  of  a  wa\e- 
length  of  6,ooo/i/i  and  Drude^  using  sodium  light  gives  for  steel  the  value 
58.5  per  cent.,  but  in  neither  case  is  the  carbon  content  specified  or  is 
the  heat  treatment  prescribed  other  than  merely  by  the  words  hard  and 
soft.  But  it  is  well  known  that  these  two  factors  have  a  great  influence 
on  all  of  the  physical  properties  of  the  metal.  It  is  therefore  of  interest 
to  see  whether  the  optical  properties  are  so  affected,  and  whether  by  this 
means  the  apparent  disagreement  between  ditTerent  experimenters  can 
be  explained. 

Experimental  Method. 

Since  the  method  used  for  the  determination  of  the  values  of  n  and 
k  is  that  used  by  Drude,*  no  experimental  details  need  be  given. 

»  D.  Phys.  Gesell.  Verh..  12.  p.  105.  1910. 
'  Phys.  Rev.,  31,  Nov.,  1910. 
•Zeits.  f.  Instrumentk..  22,  52,  1902. 
*  Ann.  Phys.,  39,  481,  1890. 
•Ann.  Phys.,  39,  481,  1890. 
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All  grinding  was  done  with  graded  carborundum,  and  the  polishing 
with  rouge  on  a  pitch  tool  or  with  rouge  on  broad-cloth.  But  since  this 
latter  method  has  a  tendency  to  give  a  relief  polish  it  is  not  desirable  in 
all  cases. 

As  a  source  of  light  fused  sodium  chloride  in  a  blast  lamp  was  used  for 
the  measurements  on  silicon  and  tungsten,  but  the  Meker  burner  with 
a  platinum  holder  for  the  sodium  chloride  used  for  the  steels  proved 
much  more  satisfactory. 

Observations  were  made  at  principal  incidence  and  principal  azimuth, 
that  is,  at  that  angle  of  incidence,  at  which  light  plane  polarized  at  an 
angle  of  45°  with  the  plane  of  incidence,  becomes  circularly  polarized 
after  reflection  from  the  metallic  surface.  Angles  of  incidence  could 
be  read  to  30"  and  azimuth  to  0.1°.  _ 

If  (^  be  the  angle  of  principal  incidence  and  \p  the  principal  azimuth 
the  well-known  Drude  formulae  become  for  this  position : 

-        -         -       cos  0  cos  2^ 
n  =  sin  cf)  tan  ^  cos  2\j/  -\ , 

k  =  tan  2\l/(i  —  cot^  ct>). 

The  reflecting  power  is  calculated  from  n  and  k  by: 


R  = 


w2(i  -^k^)  +  1  -{-2n 


I.  Silicon. 

Observations  were  taken  on  four  pieces  of  silicon  obtained  from  the 
Carborundum  Co.,  of  Rochester,  N.  Y.,  having  a  purity  of  99.75  per  cent. 
No.  I  had  a  good  black  polish,  though  not  free  from  scratches,  No.  2  was 
from  the  same  plate  as  No.  i,  and  was  scratched  in  only  one  direction  with 
carborundum  which  had  remained  suspended  in  water  for  five  minutes. 
No.  3  was  the  flat  surface  of  a  crystal  and  No.  4  was  a  piece  giving  thermo- 
electric effects  and  Hall  effects  in  a  direction  opposite  to  the  others. 
Since  these  give  the  same  values  for  n  and  k  to  within  the  possible  experi- 
mental error,  results  will  be  given  for  the  first  piece  only,  this  having  the 
best  polish  of  the  four.  This  is  also  the  same  plate  on  which  measure- 
ments out  in  the  infra-red  to  2.5/i  were  made  by  IngersoU,^  and  by 
Ingersoll  and  Littleton^  by  another  method. 

The  means  of  ten  observations  at  angles  of  incidence  equal  to  68", 
70°,  72°,  74°,  and  76°  give: 

« Astr.  Phy.  Jour.,  Vol.  XXXII..  p.  265.  1910. 
2  Phys.  Rev.,  Vol.  XXXI.,  p.  489,  1910. 
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n  =  4.24,  ^  =  0.118,  <t>  =  76°  45',  2^  =  6"  52',  R  =  37. JS  per  cciU 
The  greatest  dexiation  from  the  mean  was  1.5  jxr  cent,  for  n  and  7  per 
cent,  for  k,  0  and  2^  were  calculated  and  the  above  value  of  R  is  the 
calculated  reflecting  power.  R  measured  hy  a  Martens-Koenig  s|X'Ctro- 
photometer  is  37.7  per  cent.  This  result  is  accurate  to  0.5  per  cent. 
The  reflecting  power  for  the  Rest-strahlen  from  quartz  of  9/1  wave-length 
was  measured  by  means  of  a  Rubens  thermopile  and  was  found  t"  !><• 
33.5  per  cent. 

Von  Wartenbcrg  using  silicon  95  per  cent,  pure  and  light  of  a  wave- 
length 5.790/iM  gels: 

n  =  3.87,  ^  =  0.116,  4>  =  75°  38',  2i  =  7°  3',  R  =  357  P<?r  cent. 
This  difference  between  the  two  determinations  is  readily  explained 
by  the  difference  in  purity. 

II.     TuNGSTliN. 

A  thin  plate  of  ductile  tungsten  having  the  (linieiisions  1.5  i)y  0.5 
square  centimeters  was  obtained  from  the  General  Klcctric  Co.  Scratches 
did  not  have  much  eff'ect  on  either  principal  incidence  or  principal 
azimuth,  but  the  final  observations  were  on  a  surface  practically  free  from 
scratches. 

The  means  of  ten  sets  of  measurements  of  0  and  2^  gave: 
n  =  346,     k  =  0.94,     0  =  78°  31',     2^  =  44^  3',     R  =  54-5  per  cent. 

Von  Wartenberg  using  a  form  of  pressed  tungsten  and  light  of  a  wave- 
length equal  to  5,790mm  gets  the  following  results: 
n  =  2.76,     K  =  0.98,     0  =  76°  o',     2i/'  =  46°  20',     R  =  48.6  per  cent. 

This  difference  is  no  doubt  due  to  the  difterent  form  of  metal  used. 

III.  The  Effect  of  Heat  Treatments  and  Carbon  Content  on  the 
Optical  Properties  of  Steel. 

Measurements  were  made  on  five  surfaces  of  0.44  percent,  carbon  sicel, 
on  five  of  1.28  per  cent,  carbon  steel,  on  one  of  about  3.5  jx-r  cent.  carlx>n 
and  one  of  pure  iron.  These  steels  were  ol)tained  from  Prof.  K.  D. 
Campbell  of  the  department  of  chemistry  and  are  of  accurately  known 
composition  and  heat  treatment. 

Steels  may  be  divided  into  four  classes,  the  basis  of  division  being  the 
crystalline  structure  as  controlled  by  heat  treatments.  Class  I.  is  a 
mixture  of  the  segregated  particles  of  the  carbides  of  iron  in  a  matrix  of 
pure  iron,  and  is  obtained  by  holding  the  metal  at  a  temi)crature  of  about 
600°  C.  for  twenty-four  hours  or  longer,  which  treatment  allows  the  car- 
bides of  iron  to  collect  into  large  particles.  Cla.ss  II.  is  very  similar,  dif- 
fering only  in  degree,  the  particles  of  the  iron  carbides  being  very  small. 
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This  Structure  is  obtained  by  slow  annealing  from  about  900°  C.  or  by 
quenching  from  900°  C.  and  reheating  to  about  600°  C.  and  holding  at 
this  temperature  for  eight  or  ten  hours.  The  carbides  begin  to  go  out 
of  solution  and  to  collect  into  very  fine  particles.  This  form  of  steel  is 
called  perlite.  Class  III.  is,  according  to  Campbell, ^  a  supersaturated 
solution  of  the  carbides  of  iron  in  a  iron.  This  structure  is  obtained  by 
quenching  from  about  900°  C.  and  reheating  to  about  340°  C.  and  holding 
at  this  temperature  for  ten  or  more  hours.  This  structure  is  called 
troostitic.  In  opposition  to  Campbell's  view  is  the  theory  that  this  steel 
consists  of  very  finely  divided  particles  of  the  carbides  of  iron  mechanically 
mixed  in  the  iron  crystal.  Class  IV.  is  the  quenched  or  hardened  steel 
and  is  obtained  by  holding  the  specimen  at  a  temperature  around  900°  C. 
for  thirty  minutes  and  quenching  in  ice  water.  This  gives  a  solid  solution 
of  the  carbides  of  iron  in  small  7  iron  crystals. 

These  treatments  cause  quite  a  difference  between  the  two  extremes 
of  structure,  that  is,  between  the  segregated  iron  and  the  quenched  and 
hardened.  The  micro-photographs  of  the  1.28  per  cent,  carbon  steel 
show  this  characteristic  difference.  In  the  segregated  iron  the  segregated 
particles  are  clearly  shown  under  the  low  power  magnification  and  one 
large  particle  is  shown  under  the  high  power.  The  difference  between  the 
two  structures  is  clearly  visible.  Microscopic  examination  of  the  surfaces 
prepared  from  the  other  specimens  showed  them  to  be  good  examples  of 
their  class. 

After  microscopic  examination  the  etchmg  was  ground  off  and  the 
surface  repolished  and  the  observations  taken.  The  means  of  ten  obser- 
vations on  these  surfaces  are  given  in  the  following  table. 


optical  Constants  of  Steel. 


No. 

Per  Cent.  C. 

* 

2* 

n 

k 

R 

No.  \C 

0.44 

77° 

10' 

53° 

55' 

2.59 

1.30 

57.2 

No.  2C 

0.44 

77° 

11' 

53° 

55' 

2.59 

1.30 

57.2 

No.  3C 

0.44 

77° 

18' 

53° 

55' 

2.61 

1.30 

57.5 

No.  4C 

0.44 

77° 

16' 

53° 

55' 

2.61 

1.30 

57.5 

No.  5C 

0.44 

77° 

18' 

53° 

55' 

2.61 

1.30 

57.5 

No.  \D 

1.28 

77° 

16' 

53° 

30' 

2.63 

1.28 

57.4 

No.  2D 

1.28 

77° 

26' 

53° 

30' 

2.67 

1.28 

57.4 

No.  3D 

1.28 

77° 

12' 

53° 

30' 

2.63 

1.28 

57.6 

No.  4D 

1.28 

77° 

30' 

53° 

30' 

2.68 

1.28 

57.5 

No.  5Z) 

1.28 

77° 

28' 

53° 

30' 

2.68 

1.28 

57.5 

No.  \E 

3.5 

77° 

35' 

52° 

24' 

2.77 

1.23 

57.0 

No.  IF 

0.00 

77° 

1' 

54° 

10' 

2.53 

1.31 

56.2 

Drude 

Steel 

77° 

8' 

55° 

38' 

2.41 

1.41 

58.5 

Drude 

Iron 

76° 

30' 

54° 

58' 

2.36 

1.36 

56.2 

Jour,  of  Iron  and  Steel  Inst.,  p.  318,  1908. 
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Assuming  a  correct  polish  these  results  are  correct  to  the  second  deci- 
mal figure. 

No.  I  (7  was  annealed  for  sixteen  hours  from  ()iKf  (\  and  is  a  segregated 
piece.  No.  2(7  was  quenched  from  900°  C,  reheated  to  6t)0**  C.  and  held 
at  this  temperature  for  twelve  hours.  No.  3C'  was  quenched  from  900°  C. 
and  reheated  to  340°  C.  and  held  at  this  jxjint  for  twelve  hours.  No  ^C 
was  quenched  from  900*  C,  reheated  to  200°  C.  and  held  at  this  tem- 
perature for  eighteen  hours.  This  reheating  does  not  affect  the  structure 
to  a  noticeable  degree,  yet  it  softens  the  steel  sufliciently  to  allow  cutting. 
No.  5C  was  held  at  1000°  C.  for  thirty  minutes  and  then  quenched. 
No.  iD  was  held  at  600°  C.  for  twenty-four  hours  No.  2D  was  quenched 
and  reannealed,  the  exact  time  and  temperatures  not  being  known. 
Microscopic  examination  showed  that  it  belonged  more  to  class  III. 
than  to  class  II.  No.  3Z)  was  cooled  from  1000"  C.  to  200°  C.  during 
sixteen  hours.  This  is  a  good  specimen  of  perlite.  No.  4Z)  was  quenched 
from  900°  C.  and  heated  to  340°  C.  No.  5D  was  held  at  950°  C.  for 
thirty  minutes  and  quenched  in  ice  water. 

Nos.  iC  and  iD  belong  to  class  I.  Nos.  2C  and  2,D  to  class  II.,  .Nos. 
3C,  2D  and  4D  to  class  III.,  Nos.  4C,  5C  and  5D  to  class  I\'. 

Drude's  ^  results  are  gi\en  for  comparison. 

Discussion  of  Results. 
It  is  seen  that  the  results  of  Drude  differ  from  those  given  here  and 
that  the  difference  is  much  larger  than  the  error  of  observation.  The 
difference  lies  mainly  in  the  values  obtained  for  principal  azimuth,  and 
this  value  is  affected  by  scratches  and  not  so  much  by  the  purity  of  the 
surface.  Impurity  of  the  surface,  that  is,  a  surface  film,  tends  to  decrease 
the  value  of  principal  incidence,  and  these  results  do  not  indicate  any 
such  impurity,  the  principal  incidence  in  all  cases  being  larger  than  that 
of  Drude.  From  previous  work-  by  the  author  on  the  optical  constants 
of  iron  and  nickel  alloys  the  curve  plotted  between  n  and  the  per  cent, 
of  iron  intersects  the  iron  axis  at  a  value  of  n  equal  to  2.48,  and  the  curve 
between  k  and  the  per  cent,  of  iron  could  be  drawn  to  the  iron  axis  at  a 
point  giving  the  value  for  k  o{  1.3 1.  This  leads  to  the  conclusion  that  the 
iron  observed  by  Drude  contained  some  other  metal,  or  else  that  there  is 
some  constant  error  in  the  method  of  polishing  used  here.  I>ut  if  for 
any  reason  these  values  of  n  are  too  high  and  of  k  too  low  they  are  con- 
sistently so,  and  the  difference  between  the  different  steels  exists  inde- 
pendent of  the  absolute  values  of  the  optical  constants. 

» Ann.  der  Phys.,  39,  481.   1890. 
«  Phys.  Rev..  33,  p.  453.  1911- 
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The  fact  that  classes  I.  and  II.  give  the  same  values  for  n  and  k  proves 
that  the  light  reflected  from  the  large  particles  of  the  carbides  of  iron 
combines  with  that  from  the  pure  iron  and  gives  light  of  the  same  form 
as  is  obtained  from  the  small  particles  and  the  pure  iron.  Since  this 
proves  that  the  size  of  the  particles  up  to  this  extent  has  no  effect  and 
since  classes  III.  and  IV.  have  the  same  values  for  «  (and  this  value  is 
different  from  that  of  classes  I.  and  II.)  the  conclusion  is  that  the 
carbides  of  iron  have  some  effect  on  the  iron  molecule  in  both  the  hard 
steel  and  the  troostitic  form.  This  furnishes  good  evidence  in  support 
of  the  theory  held  by  Campbell  mentioned  previously. 

The  decrease  in  k  caused  by  an  addition  of  carbon  is  so  small  that  a  change 
caused  by  heat  treatment  cannot  be  observed.  But  the  changes  in  n  caused 
by  changes  in  carbon  content  and  by  heat  treatments  are  quite  large.  Hence 
lack  of  similarity  in  these  two  factors  could  easily  account  for  any  lack  of 
agreement  between  measurements  of  the  optical  constants  of  steels  of  unknown 
compositions  and  heat  treatments. 

In  conclusion  the  author  wishes  to  express  his  thanks  to  Prof.  C.  E. 
Mendenhall,  of  the  University  of  Wisconsin,  for  assistance  in  the  first 
part  of  this  work,  to  Prof,  E.  D.  Campbell,  of  the  department  of  chemistry 
of  this  university,  for  suggestions  and  for  specimens  used  in  the  work 
on  steel,  to  Mr.  A.  E.  White  for  assistance  on  the  micro-photographs, 
and  to  Prof.  K.  E.  Guthe  for  the  apparatus  used  and  for  his  interest  in 
the  progress  of  the  work. 

Physical  Laboratory,  University  of  Michigan, 
June,  1912. 
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On  Coulomb's  Laws  of  Friction. 

By  Peter  Field. 

Coulomb's  laws  of  friction^)  state  that  when  one  body  slides  over 
another  the  frictional  force  is 

1)  proportional  to  the  normal  pressure, 

2)  independent  of  the  magnitude  of  the  areas  which  are  in  contact, 

3)  independent  of  the  relative  velocities  of  the  two  bodies. 

In    his    Lemons    sur    Le 

Frottement,  published  in 
1895,  Painleve  discussed 
a  number  of  interesting 
friction  problems  under 
the  assumption  that  the 
frictional  force  obeys  these 
laws.  The  particularly  in- 
teresting thing  brought  out 
in  Painleve 's  discussion 
is  the  fact,  that  while  the 
normal  reaction  is  inde- 
pendent of  the  coefficient 
of  friction  in  some  prob- 
lems, in  general  this  is  not 
the   case.     The  discussion 

1)  Coulomb,  Theorie 
des  machines  simples,  memoi- 
res  des  Savants  etrangers.  tome 
X,  1781. 
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of  the  last  class  of  problems  brings  to  light   a  difticulty  the  nature  of 

which  IS  most  easily  understood  by  considering  the  following  problem, 

first  treated  bv  Fainleve 

MX  his  Le<;onsM,  and  later  ^ 

by  others. -"i  N 

Given  two  particles 
m,  ?»j  (Fig.  1)  each  of 
unit  mass  which  are  con- 
nected by  a  weightless 
rod  AB:  m  is  constrain- 
ed to  move  along  a 
rough  horizontal  tube 
OX  and  the  particles 
are  to  remain  in  the 
given  vertical  plane.  De- 
termine the  initial  values 
of  the  acceleration  of  m 
and  of  the  centroid  C 
for  diiferent  values  of 
the  coefficient  of  fric- 
tion, u. 

For  a  small  value 
of  (u  the  problem  pre- 
sents no  difficulties,  but 
if  fi  is  sufficiently  large 
the  equations  of  motion 
either  can  not  be  satis- 
iied  at  all  or  they  per- 
mit two  different  solu- 
tions. In  the  one  case  it 
is  not  possible  to  satisfy 
the  equations  of  motion 
no  matter  whether  the 
normal  component  of  the 
reaction  of  the  tube  is 
chosen  upward  or  down- 
ward, while  in  the  se- 
cond case  it  may  be 
chosen  either  wav.    The 


Pig.  s. 


1)  Also  in  Coniptea  rendua,  t.  CXXI,  l>>y5,  p.  112. 

2)  Appell,  Mecanique   Vol.  U,  p.  133,  3<l  editioni 
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question  of  how  to  inter- 
pret these  cases  has  given 
rise  to  considerable  discus- 
sion. ^) 

In  making  an  effort  to 
obtain  a  clear  idea  of  the 
precise  meaning  of  the  di- 
ficulties,  it  occurred  to  me 
that  the  matter  might  be 
more  clearly  comprehended 
if  instead  of  using  analy- 
sis, as  has  been  done  in 
the  papers  referred  to,  we 
resort  to  graphical  me- 
thods; on  trial  this  is  found 
to  be  the  case.  I  proceed 
to  show  this  by  giving  a 
graphical  solution  of  the 
problem  which  has  already 
been  stated. 

Although  the  graphical 
construction  can  be  carried 
out  for  any  initial  con- 
ditions, in  order  to  show 
the  method  to  the  best 
advantage,  the  two  beads 
and  their  connecting  rod 
will  be  supposed  to  have 
initially  simply  a  velocity 
of  translation  Fq.  The 
reaction  of  the  tube  wiU 
be  called  R  and  the  reac- 
tion of  the  rod  on  the 
particle  at  A  wiU  be  cal- 
led T. 

Inasmuch  as  the  parti- 
cles are  rigidly  connected 

1)  A.  Mayer,  Berichte  der  Konigl.  Sachsischen  Gesellschaft  der  Wissen- 
schaften  za  Leipzig,  1901,  Chaumat,  Comptes  rendus,  t.  CXXXVI,  1903,  p.  1634; 
Lecornu,  t.  CXL,  1905,  p.  635  and  p.  847;  De  Sparre,  t.  CXLI,  1905,  p.  310: 
Klein,  Mises,  Hamel,  Prandtl  and  Pfeiffer  in  the  ZeitBchrift  fur  Mathe- 
matik  und  Physik,  58.  Band,  1910. 
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and  th»'  motion  is  a  transla- 
tion at  the  given  moment,  the 
projection  of  the  accelerations 
of  m,  C,  nil,  along  the  line 
AB  have  a  common  value  j^. 
From  the  motion  of  the  eeu- 
troid  it  follows  that  the  sum 
of  the  projections  of  II  and 
2nuf  along  ,17^  is  equal  to 
-  fujr  ^*'"  ^^^^  S"^""  of  the  pro- 
jections of  I R  and  ;////  is 
equal  to  wij,. . 

The  forces  which  act  on 
the  particle  at  .1  are  my,  li 
and  7'.  Now  we  know  that 
the  sum  of  their  projections 
along  A  B  is  mj^.  and  we 
also  know  that  the  sum  of 
the  projections  oimg  and  i7^ 
along  the  rod  is  mj/.  there- 
fore the  sum  of  the  projec- 
tions of  1 7?  and  T  along  the 
rod  is  zero.  Figure  1  can 
therefore  be  constructed  by 
assuming  an  arbitrary  length 
AD  for  B  (and  for  the  pre- 
sent the  normal  component 
of  the  reaction  of  the  tube 
will  be  assumed  upward):  the 
projection  oi\B  in  the  direc- 
tion of  AB  gives  the  stress 
in  the  rod.  As  the  particle 
at  A  has  no  acceleration 
along  the  vertical,  the  sum 
of  the  vertical  projections  of 
B,  T,  aAd  mg  is  zero;  this 
enables  us  to  construct  mfj 
=  DL.  Calling  the  accelera- 
tions of  the  particle  at  A  and  of  the  centroid  j^  and  /.  respectively,  it 
follows  that  the  sum  of  the  horizontal  components  of  B  and  T  is 
mj^  =  EL  and  the  sum  of  ^7i  and  mg  is  mj^=  HL.    Figure  1  exhibits 
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Fig.  8. 


the  magnitudes  of  the  dif- 
ferent quantities  in  which 
we  are  interested.  The 
second  figure  differs  from 
the  first  only  in  that  the 
friction  angle  has  been 
increased  so  that  the  direc- 
tion of  B.  and  T  is  the 
same.  In  the  third  figure 
mg  is  small,  while  in  the 
fourth  it  is  zero  in  com- 
parison with  the  other 
quantities. 

In  case  4  m  is  instant- 
aneously brought   to  rest 
and  the  motion  becomes  a 
rotation  about  J.  as  a  fixed 
point.    It  is  interesting  to 
notice    that    if  instead   of 
thinking  oi  EL  as  repre- 
senting mj^  we  think  of  it  as 
representing    mj^  dt  =  —  w  ^o > 
then  HE  represents  HL  +  LE 
=  mj^dt  -f  m Fq  =  w F^ ,    where 
Fg  is  the  velocity  of  the  cen- 
troid  after  the  particle  at  A  is 
stopped  and  this  velocity  is  at 
right   angles   to   the  rod    as    it 
should  be. 

A    still    larger    value    of  the 
coefficient  of  friction  would  give 
the  same  solution  as  4,  as  only 
enough  friction  would  come  into 
play  to  prevent   any   motion  at 
A.    If  however  we  supposed  A 
to    move    in   such    a    case,   we 
would  be  lead  to  the  conclusion 
that   mg   must  be  directed   up- 
ward as  in  Fig.  5.    Fig.  6  is  inserted  to  show  that  if  the  normal  com- 
ponent of  the  reaction   of  the   tube  is   assumed   downward,   the   same 
difficulty  is  encountered. 


Hr  Pkter  FiEi.n. 
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Little  explanation  is 
necessary  for  Figs.  7 — 12 
as  the  ditierences  are  only 
such  as  arise  trom  chan- 
ging the  direction  of  the 
initial  velocity.  The  figures 
show  that  for  a  sufficiently 
large  value  of  the  coeffi- 
cient of  friction,  the  nor- 
mal component  of  the  reac- 
tion of  the  tube  may  be 
assumed  either  upward  as 
in  Figs.  7  and  S,  or  down- 
ward, as  in  Fig.  10;  but 
if  the  coefficient  of  friction 
is  not  sufficiently  large  it 
must    be     taken    upward.  ' 

Otherwise  there  results  the  impossible  case  shown  in  Fig.  12  where  mg 
is  directed  upward.  P^g  12. 

Fig.  u. 


Numbers  9  and  11  are  particularly  interesting:  9  .shows  that  as 
the  coefficient  of  friction  approaches  infinity,  the  normal  pressure  on 
the  tube  approaches  zero  and  the  acceleration  of  m  remains  finite,  while 
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in  11  we  have  a  finite  value  of  tlie  coefficient  of  friction  and  infinite 
values  of  the  accelerations  just  as  in  Fig.  4.  Presumably  the  proper 
interpretation  of  11  is  that  A  is  instantaneously  brought  to  rest  and  the 
normal  component  of  the  reaction  at  the  same  time  changes  its  sign. 
These   results   of  course  agree  with  what  is  obtained  analytically. 

The  following  notation  is  used  in  aU  the  figures:  AD  =  R,  AH=  ~ , 
EA  =  T,  DL^mg,  EL  =  mj^,HL  =  mj^ . 
University  of  Michigan,  Oct.  28*^  1911. 


